Plan of the class

1. Learning and generalization error;

2. the approximation problem and rates of convergence;

3. complexity of spaces of functions, n-widths, metric entropy;

4. rates of convergence “independent of dimension”;

Learning from examples

Let X and Y be two sets of random, non independent variables.

A data set D = {(x_i, y_i) ∈ X × Y }^l_i=1 is collected as following:

For i=1 → l

1) a point x_i ∈ X is chosen, with probability P (x_i);

2) the corresponding variable y_i ∈ Y is observed, with probability P (y_i|x_i);

The probability of collecting a data point (x, y) is therefore

P (x, y) = P (x)P (y|x)

Learning means being able to infer the relationship between X and Y from the set D; ⇓ for every x ∈ X, to be able to predict the corresponding value of y with the minimum error; ⇓ to produce an hypothesis f(x) wich minimizes some risk function;

For every x and y drawn from P (x, y), we can measure the error of an hypothesis f (the risk associated to it) as

(y − f(x))2

The average error is

I[f] =^∫_{X×Y} (y − f(x))2P (x, y)dxdy I[f] is the so called expected risk

In this framework the goal of learning is to find an hypothesis fmin that minimizes the expected risk:

fmin(x) = arg min f∈H I[f] where H is some set of functions, called the hypothesis space.

This, of course, cannot be done, since we do
not how to compute the expected risk I[f]
because we do not know P (x, y) ...

Notice that the expected risk I[f] can be decomposed as follows:

I[f] =^∫_X(f0(x) − f(x))2P (x)dx + ∫ X×Y (y − f0(x))2P (x, y)dxdy where

f0(x) =^∫_Y yP (y|x)dy is the conditional mean of the output variables, the so called regression function.

1. The goal of learning is to find:

fn = arg min_{f∈Hn} I[f]

2. arg min_{f∈Hn} I[f] = arg min_{f∈Hn}^∫_X(f0(x)−f(x))2P (x)dx

3. Learning ≡ to find the function fn ∈ Hn that best approximates the regression function f0(x), which is an unknown function belonging to some large space of functions, also called the target space T .

The target space T is usually a much larger set than the hypothesis space Hn.

Examples of hypothesis spaces H

• H = set of polynomials of degree n:

H = {g |g(x) = a0+a1x+a2x2+. . .+anx^n} • H = truncated Fourier series

H = {g|g(x) = a0 + a1 sin(x) + b1 cos(x)+ +a2 sin(2x) + b2 cos(2x)+ + . . . an sin(nx) + bn cos(nx)} • H = sphere in a Sobolev space

H = {f ∈ L2 | f^′ ∈ L2, ‖f^′‖2 ≤ μ}

Examples of hypothesis spaces H

• H = any linear basis function expansion:

H = {g|g(x) =^{n∑}_α =1 cαGα(x)} where {Gα(x)}^n_α=1 is a fixed set of basis functions;

• H = any nonlinear basis function expansion:

H = {g|g(x) =^{n∑}_α =1 cαG(x; wα)} where the cα and the wα are free parameters and G is some given function;

Empirical Risk Minimization

P (x, y) is unknown ⇒ we cannot minimize the expected risk I[f].

However we can approximate I[f] by the empirical risk

Iemp[f] = 1 l l∑ i=1 (y_i − f(x_i))2

and find an approximate solution:

f̂_{n,l}(x) = arg min_{f∈Hn} Iemp[f] .

This is the so called empirical risk minimization principle.

• The best we can possibly do: to find f0(x)

• what we would be happy to do: to find fn(x) • what we end up doing: to find f̂_{n,l} (the result of learning)

The goodness of the resulting hypothesis f̂_{n,l} is measured by

I[f̂_{n,l}] ≡ generalization error

Notations

E[·] stands for the average over x and y.

E[(f0(x) − f(x))2] =^∫_X(f0(x) − f(x))2P (x)dx

E[(f0(x)−y)2] = σ2 =^∫_{X×Y} (y−f0(x))2P (x, y)dxdy

I[f] = E[(f0(x) − f(x))2] + σ2

• The best we can possibly do: to find f0(x) • what we would be happy to do: to find fn(x) • what we end up doing: to find f̂_{n,l}

VERY IMPORTANT: to estimate

E[(f0(x) − f̂_{n,l}(x))2] and to prove in what sense

lim n,l→∞ f̂_{n,l}(x) = f0(x)

Bounding the generalization error

E[(f0(x) − f̂_{n,l}(x))2] = = E[(f0(x) − f̂_{n,l}(x))2] − E[(f0(x) − fn(x))2] + + E[(f0(x) − fn(x))2] and since

I[f] = E[(f0(x) − f(x))2] + σ2

then

E[(f0(x) − f̂_{n,l}(x))2] = (I[f̂_{n,l}] − I[fn]) + +E[(f0(x) − fn(x))2]

Approximation error

From approximation theory we have bounds of the type:

E[(f0(x) − fn(x))2] ≤ ϵ(n) where ϵ(n) depends on:

• the space T to which the regression function f0(x) belongs;

• the set Hn Usually^{⋃∞}_n=0 Hn is dense in T , and therefore

lim_{n→∞} ϵ(n) = 0

Bounding the generalization error

We have seen that

E[(f0(x) − f̂_{n,l}(x))2] = (I[f̂_{n,l}] − I[fn]) + +E[(f0(x) − fn(x))2] THEREFORE

E[(f0(x) − f̂_{n,l}(x))2] ≤ (I[f̂_{n,l}] − I[fn]) + + ϵ(n)

Estimation error

We do not minimize I, but Iemp, and find f̂_{n,l} rather than fn.

If we want f̂_{n,l} to converge to fn we must impose uniform convergence in probability:

lim_{l→∞} P { sup_{f∈Hn} |I[f] − Iemp[f]| > ε} = 0 ∀ε > 0 The theory of uniform convergence in probability (Vapnik, Dudley, Pollard, ...) provides bounds of the form:

|I[f] − Iemp[f]| ≤ Ω(n, l, δ) ∀f ∈ Hn

• f̂_{n,l} = arg min_{f∈Hn} Iemp[f]

• I[f̂_{n,l}] = how well we do with n parameters and l data

• I[fn] = how well we can do with n parameters • |I[f] − Iemp[f]| ≤ Ω(n, l, δ) ∀f ∈ Hn • I[fn] ≤ I[f̂_{n,l}] • Iemp[f̂n,l] ≤ Iemp[fn]

A useful inequality

If, with probability 1 − δ

|I[f] − Iemp[f]| ≤ Ω(n, l, δ) ∀f ∈ Hn then |I[f̂_{n,l}] − I[fn]| ≤ 2Ω(n, l, δ)

A general statement

With probability 1 − δ:

E[(f0(x) − f̂_{n,l}(x))2] ≤ 2Ω(n, l, δ) + ϵ(n)

Generalization = estimation + approximation

• Approximation error: it depends critically on the space of function T that is approximated, and less critically on the approximating class Hn;

• estimation error: it does not depend critically on the space of function T that is approximated, but it does depend critically on the approximating class Hn

The fundamental objects are T , ‖ · ‖ , H Usually we have H = {Hn}^∞_n=1 where H1 ⊂ H2 ⊂ . . . Hn ⊂ . . . H is the approximation scheme

Examples of the target space T

• T = continuous function with s continuous derivatives in d variables;

• T = square integrable functions in d variables with s square integrable derivates;

• T = integrable functions in d variables with s integrable derivates;

• T = band-limited functions;

• T = functions with integrable Fourier transform;

Examples of hypothesis spaces Hn

• Hn = polynomials of degree n in one vari-

able;

• Hn = truncated Fourier series with n terms;

• Hn = Radial Basis Functions with n basis

functions;

• Hn = Multilayer Perceptron with n hidden

units;

Degree of approximation dT (f, Hn) ≡ inf_{h∈Hn} ‖f − h‖ dT (f, Hn) is the smallest error that we can do if we approximate f ∈ T with an element of Hn.

Degree of approximation

Typically

lim_{n→∞} d_T (f, Hn) = 0

It means that we can approximate functions of T arbitrarily well with elements of {Hn}^∞_n=1 For example: T = continuous functions on compact sets, and Hn = polynomials of degree at most n.

The interesting question is:

How fast does d_T (f, Hn) go to zero?

The rate of convergence to zero is a measure of the relative complexity of T with respect to the approximation scheme H.

The rate of convergence depends on T , ‖ · ‖, f, and H and usually has the form

dT (f, Hn) = C_T (f) (1 n )r(T ,H)

1 r(T ,H) is a measure of the complexity

of T with respect to H.

The curse of dimensionality

Usually

r(T , H) = c(T , H) d where d is the dimension. Therefore, if ϵ is the desired error:

n ∝ (1 ϵ ) d c(T ,H)

Example

Consider the class of functions Λ^d_{s,α} ≡ Λ^d_{s,α}(M0, . . . , M_s+1) defined on R^d such that

1. Derivatives up to order s exist and are continuous; 2. ‖D^jf‖_{L∞} ≤ M_j j = 0, 1, . . . , s ; 3. Derivatives of order s belong to Lip_{Ms+1}α (R^d);

Let f ∈ Λ^d_{s,α}, and let Pn the set of polynomials of degree n. Then there exists a constant M such that

dΛ_{ds,α}(f, Pn) = M (1 n )s+α d

It is a general fact that rates of convergence for functions in d dimensions and with a smoothness of order s have the form

O (1 n )s d

Rates of convergence of this form are called of Jackson type

Metric Entropy

X a Banach Space

ϕ ⊂ X, ϕ compact.

The metric entropy Hϵ(ϕ) is

Hϵ(ϕ) = log Nϵ(ϕ) where log Nϵ(ϕ) is the minimum number of balls of radius ϵ that cover the set ϕ.

Metric Entropy

ϵ = 1 k ⇒ Nϵ = k2 = (1 ϵ )2

Hϵ = 2 log (1 ϵ )

Metric Entropy

Hϵ(Λ^d_{s,α}) ≈ (1 ϵ ) d s+α

It seems that^d_s+_α is the measure of complexity.

Metric Entropy

How many pages are needed in order to tabulate with an accuracy ϵ a function of a certain set ϕ?

# of pages ∝ Hϵ(ϕ) ⇓ How many pages are needed in order to tabulate with an accuracy ϵ a function of d variables with a degree of smoothness s?

# of pages ∝ (1 ϵ )d s

N-widths

Let T be a Banach space of functions, ψ a subset of T , and Hn a n-dimensional subspace of T , that is a set of functions of the form

f =^{n∑}_i =1 ciϕi

Define the n-width of ψ in T as dn(ψ) = inf_{ϕ1,...ϕn} sup_{f∈ψ} inf_{c1,...cn} ‖f−^{n∑}_i =1 ciϕi‖

It is a measure of how well a linear technique can approximate a subset ψ of T .

Example

dn(Λ^d_{s,α}) ≈ (1 n )s+α d

It means that there is at least on function in Λ^d_{s,α}that no linear technique can approximate at a better rate.

It also can be generalized to nonlinear techniques!!!

Linear vs. Nonlinear

• For many natural choices of target spaces, polynomial and rational approximation have the same rate of convergence;

• For certain functions, piecewise constant approximation with moving and fixed centers have very different rates of convergence.

Generalized Translation Networks (H. Mhaskar)

Consider networks of the form:

f(x) =^{n∑}_k =1 akϕ(A_kx + b_k)

where x ∈ R^d, b_k ∈ R^m, 1 ≤ m ≤ d, A_k are

m × d matrices, ak ∈ R and ϕ is some given

function.

For m = 1 this is a Multilayer Perceptron . For m = d, A_k diagonal and ϕ radial this is a Radial Basis Functions network.

Theorem (Mhaskar, 1994)

Let W^p_r (R^d) be the space of functions whose derivatives up to order r are p-integrable in R^d. Under very general assumptions on ϕ one can prove that there exists d×m matrices {A_k}^n_k=1 such that, for any f ∈ W^p_r (R^d), one can find b_k and a_k such that:

‖f − n∑ k=1 akϕ(A_kx + b_k)‖p ≤ cn^{−r}d‖f‖_W p_r

Moreover, the coefficients a_k are linear functionals of f.

This rate is optimal.

Classes of functions in d dimensions with smoothness of order s have an intrinsic complexity characterized by the ratio^s_d:

• the curse of dimensionality is the d factor;

• the blessing of smoothness is the s factor;

We cannot expect to find an approximation technique that “beats the curse of dimensionality”, unless we let the smoothness s change with the dimension d.

Theorem (Barron, 1991)

Let f be a function such that its Fourier transform satisfies ∫ Rd ds ‖s‖|f̃(s)| < +∞ . and let Ω be a bounded domain in R^d. Then we can find a neural network with n coefficients, n weights and n biases such that

‖f − n∑ i=1 ciσ(x · w_i + θ_i)‖2_{L2}(Ω) < c n The rate of convergence is independent of the dimension.

The space of functions such that ∫ Rd ds ‖s‖|f̃(s)| < +∞ . is the space of functions that can be written as

f = 1 ‖x‖^{d−1 ∗ λ} where λ is any function whose Fourier Transform is integrable.

Notice how the space becomes more constrained as the dimension increases.

Let H be an Hilbert space and G ⊂ H such that ‖g‖ ≤ b ∀g ∈ G. Let f ∈ coG. Then ∀c > b2 − ‖f‖2 we can find n numbers

αk > 0, such that ∑n i=1 αk = 1, and n ele-

ments g_k ∈ G such that ‖f − n∑ k=1 αkgk‖2 ≤ c n (Maurey, 1981; Jones, 1990; Barron, 1991)

Let fn =^{∑n}_k=1 α_kg_k be the approximating function in Jones’ Lemma. The sequence {fn}^∞_n=0 has the following structure:

fn+1 = αnfn + (1 − αn)gn where αn ∈ I ≡ [0, 1] and gn “approximately solve” the following minimization problem:

inf αn∈I,gn∈G ‖f − αnfn − (1 − αn)gn‖ “approximately solve” means that it is sufficient at each step to reach a distance from the infimum of order O( 1_{n2}).

Example

G = {cσ(x · w + θ) | |c| ≤ b, θ ∈ R, w ∈ R^d} The target function f should belong to Barron’s space (that is coG). Then, starting with f0 = 0, we have

f1(x) = (1 − α0)c0σ(x · w0 + θ0) and we have to solve

min α0,|c0|≤b,θ0,w0 ‖f(x) − (1 − α0)c0σ(x · w0 + θ0)‖

Next step We define

f2(x) = α1f1(x) + (1 − α1)c1σ(x · w1 + θ1) and we have to solve

min α1,|c1|≤b,θ1,w1 ‖f(x)−α1f1(x)−(1−α1)c1σ(x·w1+θ1)‖ and so on ...

Jones’ lemma: (my) instructions for use

“Whenever” a function f admits an integral representation as

f(x) =^∫_{Rn} dμ(t) G(x; t)

where μ(t) is a signed measure and G(x; t) is some parametric function, then f can be approximated as

f ∗(x) =^{n∑}_α =1 cαG(x; tα)

and the approximation error is bounded by O( 1√_n).

A version of Jones’ lemma^∗

Let G(x; t) be a function defined over R^k × R^d such that ‖G(x; t)‖_{L2} ≤ b for some b > 0 and for all t ∈ R^d. Let f be a function defined over R^k, such that

f(x) =^∫_{Rd} dt μ(t)G(x; t)

where ‖μ(t)‖_{L1} = 1. Then it is possible to find n Boolean parameters {c_i}^n_i=1 with values in {−1, 1} and n vectors {t_i}^n_i=1 such that:

‖ ‖ ‖f − 1 n n∑ i=1 ciG(x; t_i) ‖ ‖ ‖ 2 L2(P ) ≤ b2 − ‖f‖2L_2 n ∗(Girosi, 1996)

Proof

We start with μ being positive. Notice that, for an arbitrary choice of the vectors {t_i}^n_i=1, the following equality holds: ‖ ‖ ‖f − 1 n n∑ i=1 G(x; t_i) ‖ ‖ ‖ 2 L2 = ‖f‖2_{L2}+

+ 1 n2 n∑ i=1 n∑ j=1 ∫ dx G(x; t_i)G(x; t_j)+ −2 n n∑ i=1 ∫ dx f(x)G(x; t_i)

‖ ‖ ‖f − 1 n n∑ i=1 G(x; t_i) ‖ ‖ ‖ 2 L2 = ‖f‖2_{L2}+

+ 1 n2 n∑ i=1 ∫ dx G^2(x; t_i)+

+ 1n2^{n∑}_i̸ =j ∫ dx G(x; t_i)G(x; t_j)+

−2 n n∑ i=1 ∫ dx f(x)G(x; t_i)

We now consider the variables {t_i}^n_i=1 as random variables, that we assume identically distributed with probability distribution μ(t), and define the following expected value

E[·] =^∫ dt1 μ(t1) . . .^∫ dtn μ(tn)

Taking the expected value of the equality above, exchanging the order of integration, and using the integral representation of f we obtain

E ‖ ‖ ‖f − 1 n n∑ i=1 G(x; t_i) ‖ ‖ ‖ 2 L2 = ‖f‖2_{L2}+

+1 n ∫ dxdt μ(t)G^2(x; t) +

+ 1 n2 n(n − 1)‖f‖2_{L2} − 2 n n‖f‖2L_2 = 1 n (A2 − ‖f‖2_{L2}) where we have defined

A2 =^∫ dxdt μ(t)G2(x; t) ≤ b2

Therefore there exists at least a set of vectors {t_i}^n_{i=1} such that ‖ ‖ ‖f − 1 n n∑ i=1 G(x; t_i) ‖ ‖ ‖ 2 L2 ≤ A2 − ‖f‖2L_2 n ≤ b2 − ‖f‖2L_2 n If the function μ is not positive we can always write

μ(t) = sign(μ(t))|μ(t)| and therefore substitute G(x; t_i) with sign(μ(ti))G(x; ti). Denoting sign(μ(ti)) by ci the theorem follows 2.

Theorem (Girosi and Anzellotti, 1992)

Let f ∈ H^{m,}1(R^d), where H^{m,}1(R^d) is the space of functions whose partial derivatives up to order m are integrable, and let Gm(x) be the Bessel-Macdonald kernel, that is the Fourier transform of

G̃_m(s) = 1 (1 + ‖s‖2)^m2 m > 0 . If m > d and m is even, we can find a Radial Basis Functions network with n coefficients cα and n centers tα such that

‖f − n∑ α=1 cαGm(x − tα)‖2L_∞ < c n

Theorem (Girosi, 1992)

Let f ∈ H^{m,}1(R^d), where H^{m,}1(R^d) is the space of functions whose partial derivatives up to order m are integrable. If m > d and m is even, we can find a Gaussian basis function network with n coefficients cα, n centers tα and n variances σα such that

‖f − n∑ α=1 cαe −(x−tα) 2 2σ2α ‖2 L∞ < c n

Same rate of convergence: O( 1√_n)

Function space Norm Approximation scheme ∫ Rd ds | f̃(s)| < +∞ L2(Ω) f(x) = ∑ni=1 ci sin(x · wi + θi) (Jones) ∫ Rd ds ‖s‖| f̃ (s)| < +∞ L2(Ω) f(x) = ∑ni=1 ciσ(x · wi + θi) (Barron) ∫ Rd ds ‖s‖2|f̃(s)| < +∞ L2(Ω) f(x) = ∑n i=1 ci|x · wi + θi|++ (Breiman) +a · x + b f̃(s) ∈ Ck0, 2k > d L∞(Rd) f(x) = ∑nα=1 cαe−‖x−tα‖2 (Girosi and Anzellotti) H2m,1(Rd), 2m > d L∞(Rd) f(x) = ∑n α=1 cαe −‖x−tα‖2 σ2α (Girosi)