Fuzzy sets and probability :Misunderstandings, bridges and gapsDidier Dubois — Henri PradeInstitut de Recherche en Informatique de Toulouse (I.R.I.T.) — C.N.R.S.Universit� Paul Sabatier, 118 route de Narbonne31062 Toulouse Cedex, FranceINTRODUCTIONOne of the most controversial issues in uncertaintymodelling and information sciences is the relationshipbetween probability theory and fuzzy sets. This paper ismeant to survey the literature pertaining to this debate, andto try to overcome misunderstandings and to supply accessto many basic references that have addressed the "probabilityversus fuzzy set" challenge. This problem has not a singlefacet, as will be claimed here. Moreover it seems that a lotof controversies might have been avoided if protagonists hadbeen patient enough to build a common language and toshare their scientific backgrounds. The main points madehere are as follows. i) Fuzzy set theory is a consistent bodyof mathematical tools. ii) Although fuzzy sets andprobability measures are distinct, several bridges relatingthem have been proposed that should reconcile oppositepoints of view ; especially possibility theory stands at thecross-roads between fuzzy sets and probability theory. iii)Mathematical objects that behave like fuzzy sets exist inprobability theory. It does not mean that fuzziness isreducible to randomness. Indeed iv) there are ways ofapproaching fuzzy sets and possibility theory that owenothing to probability theory. Interpretations of probabilitytheory are multiple especially frequentist versus subjectivistviews (Fine [31]) ; several interpretations of fuzzy sets alsoexist. Some interpretations of fuzzy sets are in agreementwith probability calculus and some are not.The paper is structured as follows : first we address someclassical misunderstandings between fuzzy sets andprobabilities. They must be solved before any discussioncan take place. Then we consider probabilisticinterpretations of membership functions, that may help inmembership function assessment. We also point out non-probabilistic interpretations of fuzzy sets. The next sectionexamines the literature on possibility-probabilitytransformations and tries to clarify some lurkingcontroversies on that topic. In conclusion, we brieflymention several subfields of fuzzy set research where fuzzysets and probability are conjointly used.1. MISUNDERSTANDINGS1.1. Membership Function and Probability MeasureAt the formal level, the relative situation of fuzzy setsand probability is clear. However some risk for confusionare already present in the way the definitions are understood.After Zadeh [81] a fuzzy set F on a universe U is defined bya membership function mF : U fi [0,1] and mF(u) is thegrade of membership of element u in F. Here let us restrictto finite universes for simplicity. In contrast, a probabilitymeasure P is a mapping 2U fi [0,1] that assigns a numberP(A) to each subset of U, and satisfies the Kolmogorovaxioms :P(U) = 1 ; P(fl) = 0if A ˙ B = flP(A ¨ B) = P(A) + P(B)(1)P(A) is the probability that an ill-known single-valuedvariable x ranging on U hits the fixed well-known set A. Afirst misunderstanding is to confuse P(A) with amembership grade. But when we consider mF(u), theelement u is fixed and known and the set is ill-defined,while when we consider P(A), the set A is well definedwhile the value of the underlying variable x, to which P isattached, is unknown (and moves). mF(u) has moresimilarity with P({u}) = p(u), except that the condition�u˛U p(u) = 1 must hold while it is not so for mF. A set-theoretic calculus for probability distributions has beenrecently built up under the name of Lebesgue logic (Bennettet al. [5]).At the mathematical level the domain of the mapping Pis the Boolean algebra 2U while the set of fuzzy sets is[0,1]U , i.e. can never be a Boolean algebra. It hasnecessarily a weaker structure, depending on the choice offuzzy set operations. One should not assimilate (e.g. Cooke[9]) the definition of a fuzzy set connective, e.g. unionmF¨G(u) = S(mF(u),mG(u))(2)with the decomposability propertyP(A ¨ B) = S’(P(A),P(B))(3)of the probability measure with respect to two given eventsA and B. First (3) cannot hold for all A and B when P is aprobability measure while (2) can be assumed for all u ˛ U.The temptation to get confused lies in the fact (due to theBoolean algebra structure of 2U) that S and S’ can both bechoosen among a family of semi-groups of the unit interval(i.e. triangular co-norms such as max(a,b), a + b — ab, ormin(1, a + b)). This is because the properties usually required for membership grade combinations (e.g. theassociativity of union and the empty set acting as anidentity leads to choose S among triangular co-norms), andthe properties induced by the structure of 2U on degrees ofprobability are the same (e.g. Dubois and Prade [16]).Concludingly, using min and max is not enough to claimthat fuzzy sets are at work ; similarly the fact thatsometimes P(A ¨ B) = max(P(A),P(B)) (e.g. if A ˝ B) isnot enough to claim that fuzzy sets are probabilities. Thistype of confusion between degrees of probability andmembership grades pervades the literature of uncertainty inexpert systems (see Duda et al. [23], Horvitz et al. [42] forinstance).A dual point of view is to start with a poorly structuredset of sentences S and consider various ways of attachingnumbers to sentence a ˛ S, say v(a) ˛ [0,1]. The questionis then to analyze how the structure of S under the logicalconnectives AND, OR, NOT, etc� is mapped on the unitinterval through the valuation mapping v. Gaines [34] hasshown that according to the axiomatic system satisfied bythe connectives in S and the valuation v, one may find aparticular representation of S as 2U and v(a) = P([a]) where[a] is the subset of worlds in U where a is true, andanother representation where S = [0,1]U and v(a) = m[a](u)where u is fixed in U, and a is a fuzzy statement. Bothfuzzy sets and probability can thus be cast in a more generalframework of weighted logics. Only in such a generalsetting does it make sense to compare, say Bellman andGiertz [3] fuzzy set axioms and Kolmogorov axioms.Beyond its mathematical and philosophical interest, Gaines’setting should not however lead us to confuse degrees ofprobability and membership grades (e.g. Blockley [6],Kovalerchuk and Shapiro [48]).1.2. Fuzzy Relative Cardinality and Conditional ProbabilityIt F is a fuzzy set on U, its cardinality is |F| =�u mF(u). A well-known index of inclusion of F in anotherfuzzy set G is (e.g. Dubois and Prade [17])I(F,G) =

|F ˙ G||F|(4)where intersection is defined as minimum. Kosko [47] haspointed out the analogy between I(F,G) and a conditionalprobability P(B | A) where B and G play the same role. Heeven noticed that the analogy carries over to Bayesianinference, by noticing thatI(F,G) ‡

I(G,F) Æ I(U,G)I(G,F) Æ I(U,G) + I(�G,F) Æ I(U,�G)(5)where I(U,G) is nothing but the relative cardinality

|G||U|.Indeed, (5) reminds us of Bayes theoremP(B | A) =

P(A | B) Æ P(B)P(A | B) Æ P(B) + P(A | �B) Æ P(�B).(6)The inequality in (5) is related to I(F,G) + I(F,�G) ‡ 1 due tothe lack of excluded middle law and the use of min for ˙ in(4). The equality holds in (5) when G is a crisp set. It wouldhold as well with ˙ expressed as a product in (4). Kosko[47] claims that (5) implies Bayes theorem when both Gand F are crisp. This claim is debatable because in that case(4) is only a special kind of conditional probability, namelyP(B | A) = |A ˙ B| / |A| provided that P is uniformlydistributed on U.A natural way to generalize both (5) and (6) is toconsider a probability measure P on U and [0,1]U as a set offuzzy events [82]. Then if we letP(F) = �p(u)mF(u) = �01P(Fl)dl,where Fl is the l-level cut of F (H�hle [41]), be Zadeh’sprobability of the fuzzy event F, the natural extension of (4)isP(G | F) =

P(F ˙ G)P(F)(7)and (5) can be generalized changing I(X,Y) into P(Y | X).(7) generalizes both a conditional probability and the fuzzyinclusion index advocated by Kosko [47]. Note that a wholeliterature on conditional probabilities of fuzzy events exists,starting with Okuda et al. [57]. See Dubois, Prade andYager [27] for a list of basic references.Kosko [47] contains a derivation of the inclusion index(4) from first principles. He criticizes Cox [10]’s derivationof the standard conditional probability, as arbitrarilyassuming that the function f such that P(A ˙ B) =f(P(A | B), P(B)) is twice differentiable. However the unicityof conditional probability only requires that f be strictlyincreasing in both places and continuous, due to Aczel [1]results on the representation of associative real functions.Concludingly, the comparison between fuzzy relativecardinality and conditional probability should not lead us toconclude with Kosko [47] that "probability is a special caseof fuzziness" but leads us to consider probability of fuzzyevents, a situation where, as Pearl [60] himself admits,probability and fuzzy sets are orthogonal.1.3. Possibility Theory is not CompositionalRelated to fuzzy sets is the theory of possibility that hasbeen around for 15 years under this name (Zadeh [83],Dubois and Prade [18]) but whose calculation rules go backto Shackle [65] at least. Possibility theory appears as amore direct challenger of probability theory than fuzzy setsbecause it also proposes a set-function that quantifies theuncertainty of events. A possibility measure on a finite setU is a mapping from 2U to [0,1] such that�(fl) = 0(8)�(A ¨ B) = max(�(A),�(B)).(9)The condition �(U) = 1 is to be added for normalpossibility measures. They are completely characterized by apossibility distribution p : U fi [0,1] (such that p(u) = 1for some u ˛ U, in the normal case) since �(A) = max{p(u), u ˛ A}. In the infinite case the equivalencebetween p and � requires that axiom (9) be extended to aninfinite family of subsets. Zadeh [83] views the possibilitydistribution p as determined by the membership functionmF of a fuzzy set F. However this does not mean that thetwo concepts of a fuzzy set and of a possibility distributionare the same thing. Zadeh’s equation px(u) = mF(u) is rathersimilar to equating a likelihood function to a conditionalprobability (which does not mean that likelihoods areadditive measures !). Indeed px(u) is short for p(x = u | F)since it estimates the possibility that the variable x is equalto u, knowing the incomplete state of knowledge "x is F",and mF(u) estimates the degree of compatibility of theprecise information x = u with the statement to evaluate "xis F".The controversy between possibility and probabilitymeasures is related to the one about fuzzy sets. Cheeseman[7] criticizes possibility theory because he thinks�(A ˙ B) = min(�(A),�(B)) holds. But in fact only theinequality �(A ˙ B) £ min(�(A),�(B)) universally holds,and part of Cheeseman’s objections thus make no sense. Buthis mistake may be due to the dangerous temptation toconsider that possibility measures satisfy a companionaxiom to (9) for conjunction as well (since possibilitytheory is based on fuzzy sets). This is based on amisunderstanding of the kind pointed out in Section 1.1,i.e. confusing membership functions and set functions.In fact possibility theory is not compositional (contraryto what Pearl [61] p. 679 says). Possibility measures aredecomposable with respect to union only, and N(A) =1 — �(�A), where �A is the complement of A ,is a degree ofcertainty or necessity which is compositional with respectto intersection only, i.e. N(A ˙ B) = min(N(A),N(B)). Forinstance when one is totally ignorant about event A wehave �(A) = �(�A) = 1 (and N(A) = N(�A) = 0) while�(A ˙ �A) = 0 and N(A ¨ �A) = 1. This ability to modelignorance in a non-biased way is typical of possibilitytheory, while probability theory in its Bayesian approach,cannot account for ignorance. This is why possibilitytheory and probability theory, by modelling different kindsof states of knowledge, are complementary theories ofuncertainty.2. BRIDGESInstead of pursuing sterile polemics, another attitude isto relate fuzzy sets, possibility distributions, andprobability. The history of such relationships is alreadyquite long and we shall point out existing bridges betweenprobability and fuzzy sets viewed as possibilitydistributions.2.1. Upper ProbabilityA first point of view is to acknowledge a possibilitymeasure as an upper probability envelope. Namely if weconsider a set of probabilities P(�) = {P | P(A) £ �(A)," A ˝ U}, then the induced upper probabilities P*(A) =sup{P(A), P ˛ P(�)} coincides with possibility degrees�(A). The possibility distribution p is then defined by :p(u) = P*({u}), " u ˛ U.(10)The set P(�) is never empty due to the normalisation ofthe possibility distribution. This view is adopted in Duboisand Prade [19] for instance. More recently they give acharacteristic condition under which a set of probabilitymeasures induced by lower bounds of probabilities ofspecified events lead to possibility measures. Namely P ={P | P(Ai) ‡ ai, i = 1,n} = P (�) for some possibilitymeasure � if and only if the Ai’s are nested (Dubois andPrade [24]). Upper probabilities are closely related toChoquet [8] capacities, and so are possibility measures (e.g.Puri and Ralescu [62]).2.2. Random Sets and Belief FunctionsThis view of possibility measures as upper bounds of afamily of probability measures has been adopted in the lateseventies in a more restricted framework namely that ofrandom sets and that of belief function theory (Shafer [66]).Namely several scholars such as Fortet and Kambouzia [33],Orlov [58], Kamp� de F�riet [44], Sales [64], Goodman[38], Nguyen [56], Wang and Sanchez [78], Dubois andPrade [15] have pointed out that given a random set R onU, i.e. a set of subsets A1, �, An ˝ U, and a massassignment m such that m(Ai) = mi ˛ (0,1] and �i=1,nmi = 1, then a membership function could be defined asmF(u) = �u˛Ai mi.(11)Viewing {(Ai,mi), i = 1,n} as a random set F withrealizations Ai, the membership grade mF(u) is theninterpreted as the probability that u ˛ F. This kind ofprobabilistic view of a membership function seems to goback to E. Borel, as pointed out by Godal and Goodman[37]. Interpreting the Ai’s as imprecise observations, thetwo following set functions are defined in belief functiontheory (Shafer [66])Bel(A) = �Ai˝A mi ; Pl(A) = �Ai˙A„fl mi(12)respectively called belief and plausibility functions. Theseset functions coincide with lower and upper probabilitiesrespectively and (10) and (11) coincide in this setting due top(u) = Pl({u}). Moreover Shafer [66] showed in his bookthat Pl(A ¨ B) = max(Pl(A),Pl(B)) if and only if the Ai’sare nested. Hence a possibility measure is a special case of aplausibility function, itself a special case of upperprobability.2.3. Likelihood FunctionAnother point of view is to interpret the membershipfunction of a fuzzy set as a likelihood function. This idea isactually quite old in fuzzy set theory (e.g. a Russian 1966paper by Loginov [52], whose English translation talksabout "hussy" sets). It has been the basis of experimental methods for constructing membership functions. Given apopulation of individuals and a fuzzy concept F, eachindividual is asked whether a given element u ˛ U can becalled an F or not. The likelihood function P(’F’ | u) is thenobtained and represents the proportion of individuals thatanswered yes to the question. ’F’ is then the correspondingnon-fuzzy event. Then it is natural to letmF(u) = P(’F’ | u), " u ˛ U.(13)This type of yes-no experiments have been used by Hershand Caramazza [39], and Hisdal [40]. Cheeseman [7]exploits this link and claims that on such grounds fuzzysets are nothing new. See also Stallings [72] for an olderbut similar critique. Here we suggest that this link will leadto a cross-fertilisation of fuzzy set and likelihood theories,provided that one does not stick to a dogmatic Bayesianposition.Note also that the fundamental point in (13) is to viewthe likelihood in terms of a conditional uncertainty measure,here a probability. We may think of using other uncertaintymeasures as well, for instance a possibility measure, i.e.mF(u) = �(’F’ | u), " u ˛ U.This expresses the equality of the membership functiondescribing the fuzzy class F viewed as a likelihood functionwith the possibility that an element u is classified in F.This can be justified starting with a possibilistic counterpartof Bayes theorem, i.e.min(p(u | ’F’), �(’F’)) = min(�(’F’ | u), p(u))assuming that no a priori information is available, i.e. "u,p(u) = 1, which leads to p(u | ’F’) = �(’F’ | u) (Dubois andPrade [22]).2.4. Fuzzy Sets in Statistical InferenceDirect relationships between possibility distributionsand likelihood functions have been pointed out by Smets[69] and Thomas [74], [75]. Indeed the likelihood functionis treated as a possibility distribution in classical statisticsfor so-called likelihood ratio tests. Namely if somehypothesis of the form u ˛ A is to be tested against theopposite hypothesis u ˇ A on the basis of observation Oalone, and the knowledge of elementary likelihood functionsP(O | u), u ˛ U, then the likelihood ratio test methodologysuggests the comparison between maxu˛A P(O | u) andmaxuˇA P(O | u), i.e. �(A) and �(�A) letting p(u) =P(O | u) (see e.g. Barnett [2], p. 150). Stallings [72] pointsout the similarity between maximum likelihood patternclassification and fuzzy pattern classification. Natvig [53]interprets likelihood functions as possibility distributions inthe law of total probabilities. Thomas [75] also indicatesthat the Bayesian updating procedurep(u | O) =

P(O | u) Æ p(u)P(O)(14)can be reinterpreted in terms of fuzzy observations. Forinstance it p represents the base rate of the size of somepopulation, and one learns the concerned individual is "tall",where "tall" is defined by membership function mtall, thenthe a posteriori probability can be computed in accordancewith (7) as followsp(u | tall) = mtall(u) Æ p(u)P(tall)(15)where mtall(u) is interpreted as a likelihood function, andP(tall) = �mtall(u) dP(u) is Zadeh [82]’s probability of afuzzy event (see also Dubois and Prade [22]).The two probability-oriented views (upper probabilityand likelihood) of fuzzy sets and possibility distributions arenot antagonistic and can be reconciled. For instance (11)corresponds to another experiment for constructingmembership functions whereby individuals are asked topoint out a single crisp subset Ai ˝ U that represents somefuzzy concept F best. mi represents the proportion ofindividuals for which F is best described by Ai. It makessense to relate this experiment with the likelihood Yes-Noexperiment provided that, when each individual chooses Aias representing F, it means that he would answer yes in theother experiment to the question "is u an F ?" if and only ifu ˛ Ai. Then as pointed out in Dubois and Prade [21]P(’F’ | u) = �u˛Ai mi.(16)Another way of relating the two approaches is to notice thatthe use of Dempster rule (Shafer [66]) to combine twobelief functions, one of which being a probability function,leads to a probability function that is computed via (14) or(15) exactly. Namely let Bel1 be defined by {(Ai,mi),i = 1,n} and Bel2 = P, then" u ˛ U, Bel1 ¯ Bel2(u)=

�i:u˛Ai mi Æ p(u)�u,i:u˛Ai mi Æ p(u)= mF(u) Æ p(u)�u˛U mF(u) Æ p(u)where Bel1 ¯ Bel2 is a probability measure and mF isdefined by (11). Only the plausibility of singletons (i.e. thepossibility distribution) is useful for the updating, and itplays the role of a likelihood function.The above resultssuggest how to get likelihood functions from belieffunctions.As recalled in Dubois, Moral and Prade [14] the converseproblem is addressed by Shafer [66]. In this paper it issuggested that an observation O defines a consonant belieffunction (whose associated plausibility is a possibilitymeasure) with mass assignment given bymO(Ai) = P(O | ui) — P(O | ui+1)Ai = {u1, �, ui}mO(U) = P(O | un)mO(A) = 0 otherwisewhere U = {u1, �, un} with P(O | u1) ‡� ‡ P(O | un).This is a non-normalized mass assignment. However ifP(O | u1) = 1, and letting p(u) = P(O | u) then thisprocedure is exactly the converse of equation (11).

Another way of putting together the upper probabilityapproach and the likelihood approach to possibility theoryis to consider a family of likelihood functions and to definea possibility as the upper envelope of this family (seeDubois, Moral and Prade [14]).2.5. Probabilistic Interpretations of Fuzzy Set OperationsViewing the membership function mF as a likelihoodfunction leads to interpret fuzzy set-theoretic connectives inthe framework of probability theory. For instance theminimum rule of fuzzy sets is then seen asP(’F’ ˙ ’G’ | u) = min(P(’F’ | u), P(’G’ | u))(17)where ’F’ and ’G’ are the crisp events consisting of assigninglabels F on G to u respectively. People have then claimedthe total dependence between the fuzzy sets F and G, thuspointing out a limitation in fuzzy set theory. This claim isdebatable for two reasons : first the crisp events ’F’ and ’G’are related to the fuzzy sets F and G only through a randomexperiment that is built as a model for constructing themembership function. So the dependence is between thecrisp events, not the fuzzy sets. This remark also points outthat we do not succumb here to the fallacy described inSection 1.1. A second reason is that if we remember therole of possibility distributions as upper bounds the equalityin (17) should be turned into an inequality, the right-handside being an upper bound of the left-hand side. In thatperspective the minimum rule expresses a lack ofknowledge about dependence (this is the meaning of thenon-interactivity assumption in possibility theory) ratherthan an assumption of strong dependence (see e.g. Dubois,Moral and Prade [14]). The likelihood interpretation ofmembership functions cannot capture all fuzzy setconnectives anyway. Only some connectives belowminimum and above maximum are amenable to a likelihoodinterpretation, because due to inclusion monotonicityP(A ˙ B | x) £ min(P(A | x), P(B | x)) and P(A ¨ B | x) ‡max(P(A | x), P(B | x)). Hence average like fuzzyconnectives and symmetric sums (see Dubois and Prade [18]Chapt. 3 for instance) cannot be captured in this way.The (consonant) random set view of membershipfunctions also provides a semantics to the main possiblechoices for defining fuzzy set union and intersection Orlov[58], Goodman [38] (see Dubois and Prade [21] for anoverview). But this framework seems to be much moreflexible than the one of likelihoods for describing fuzzy setconnectives, since in that case fuzzy set intersections orunions correspond to forms of random set intersections orunions, but other connectives such as averages continue tomake sense with random sets.Lastly fuzzy set connectives can also be interpreted inthe setting of upper and lower probabilities. In that caseagain the minimum rule should not be understood asinduced by a strong dependence assumption but as aminimal commitment rule when nothing is known aboutdependence (see Dubois and Prade [24]).2.6. Possibility Degrees as Infinitesimal ProbabilitiesRecently Spohn [71] has proposed a theory for therepresentation of epistemic states that bear strongsimilarities with possibility and necessity measures, andtries to model the idea of ordering between possible worlds.What he calls an ordinal conditional function comes downto a mapping from a finite set of events to the set ofpositive integers, denoted k and such that k(A ¨ B) =min(k(A),k(B)) ; moreover there is an elementary event {u}such that k({u}) = 0. k(A) expresses a degree of disbelief inA, and grows as A becomes less plausible. It is easy tocheck that for any real k > 1, 1 — k—k(�A) is a degree ofnecessity (see Dubois and Prade [23]). A probabilisticinterpretation of k(A) has been suggested by Spohn [71].Namely, k(A) = n is interpreted as a small probability ofthe form en, that is the probability of a rare event. Indeed, ifA has a small probability with order of magnitude en and Bhas also a small probability of the form em, then P(A ¨ B)is of order of magnitude emin(m,n). These remarks maylead to an interpretation of possibility and necessitymeasures in terms of probabilities of rare events. Clearly,this relationship between possibility and probability theoryis completely unrelated to the ones in the precedingparagraphs. However it explains the strong similaritiesbetween Pearl [60]’s approach to non-monotonic reasoningbased on infinitesimal probabilities and the possibilisticapproach to the same problem (Benferhat et al. [4]).3. GAPSInstead of interpreting fuzzy sets and possibility theoryin a probabilistic framework one might on the contrary lookfor interpretive settings for fuzzy sets in which the additivenotion of probability is no longer needed. Two suchsettings are reviewed, that respectively relate possibility topreference and to similarity.3.1. Possibility as PreferenceIt is not always meaningful to relate uncertainty tofrequency. Some types of events can be rare, unrepeatable,or statistical data may simply be unavailable. It does notprevent people from thinking that some events are morepossible, probable or certain than others. And indeed themost primitive way of comparing events is to define acomplete pre-ordering on 2U, that expresses comparativepossibility, probability or belief. Comparative counterpartsof probability have been searched for since the thirties (seeFishburn [32] for an overview). However no fully satisfyingjustification of additive probability has been proposed sofar, in the finite case.Comparative possibility is more recent. The completepreordering ‡� such that A ‡� B means A is at least aspossible as B should satisfy the basic axiom :"C, A ‡� B � A ¨ C ‡� B ¨ C.(�)Such comparative possibility relations can be found inLewis [51]’ conditional logics and have been rediscovered byDubois [13] by suitably modifying the axioms of comparative probability. In that paper it is proved that theonly numerical counterparts of comparative possibility arepossibility measures. The dual comparative certaintyrelations (A ‡C B � �B ‡� �A) play a crucial role inproblems of revision of propositional theories under thename "epistemic entrenchment" (G�rdenfors [35] ; seeDubois and Prade [23]). A comparative possibility relationon 2U describing the location of an unknown variable xinduces a complete preordering on U that can be viewed as apreference relation on the possible values of x. Thesequalitative possibility distributions can be analyzed from thepoint of view of their informational content (specificity), asalready done for numerical possibility distributions (see,e.g. Benferhat et al. [4], Yager [80]).3.2. Possibility as SimilarityThere is a whole trend in fuzzy set theory according towhich the degree of membership mF(u) reflects thesimilarity between u and an ideal prototype uF of F (forwhich mF (uF ) = 1). This interpretation of partialmembership is clearly related to the relation of distance, andnot to probability. Then if a variable x is attached apossibility distribution p = mF, x = u is all the morepossible as u looks like uF, is close to uF. This trend iswell represented by the so-called "type B membershipfunction" described by Zimmermann [85], and for whichdirect scaling methods can be applied.Ruspini [63] has pushed this view further by exploringhow the similarity notion R that exists on the referential Uaffects the inference process between propositions a, b, �whose truth or falsity refers to U as a set of possibleworlds. For Ruspini, given two classical propositions aand b, the extent to which a implies b is the minimalamount of "stretching" that is required to include the set ofworlds in which a is true in the neighborhood of the worldswhere b is true. More formally if U is the set of possibleworlds, if u . a means a is true in u ˛ U, then thefollowing metric counterpart of Carnap’s confirmationdegree is obtainedI(b | a) = infu.a supu’.b mR(u,u’)(18)where R is a fuzzy proximity relation, that expressesindiscernibility on U. In order to clarify the meaning ofI(b | a), let us consider the case when R is a standardequivalence relation. Let b* be the upper approximation ofb in the sense of rough set theory (Pawlak [59]), i.e.u . b* � $u’, u R u’ and u’ . b ; then I(b | a ) = 1corresponds to the classical entailment a . b*. We get veryclose to the modal logic of rough sets developed by Fari�asdel Cerro and Orlowska [30]. Note that possibility aspreference leads to another non-probabilistic degree ofentailment namely (e.g. Benferhat et al. [4]) :N(b | a)= infu.�b�a 1 — p(u) if �(b � a) > �(�b � a)= 0 otherwise.(19)It is positive only if b is true in all the preferred worldswhere a is true, i.e. this entailment is preferential in thesense of Shoham [68]. Similarity-based and preference-basedentailment degrees are orthogonal with respect to each other,and both contrast with a conditional probability, used byCarnap as a degree of confirmation.4. POSSIBILITY-PROBABILITY TRANSFORMATIONSThe problem of transforming a possibility distributioninto a probability distribution and conversely has receivedmore and more attention. This question is meaningful in thescope of uncertainty combination with heterogeneoussources (some supplying statistical data, other linguisticdata, for instance).However rising the issue means that some consistencyexists between possibilistic and probabilistic representationsof uncertainty. The basic question is whether it is a merematter of translation between languages "neither of which isweaker or stronger than the other" (quoting Klir and Parviz[46]). Adopting this assumption leads to transformationsthat respect a principle of uncertainty and informationinvariance, as done by Klir [45], on the basis that theentropy H(p) of a probability distribution p and the non-specificity NS(p) (or alternative indices of the same kind) ofa possibility distribution play the same role in each theory.An uncertainty-invariant transformation between p and p isone such that H(p) = NS(p). Klir [45] also requires that theybe log-interval scale transformations and satisfy theconsistency condition p(u) ‡ p(u), "u, stating that what isprobable must be possible (Zadeh [83]).The problem with this approach lies in the assumedequality H(p) = NS(p) between quantities whosecommensurability sounds debatable. Changing it intoproportionality would claim that the entropy ordering ofprobability exactly reflects the specificity ordering ofpossibility.Another point of view on transformations is thatpossibility and probability theories have distinct roles indescribing uncertainty but do not have the same descriptivepower. Although it is clear that there are some states ofinformation that probability can describe while possibilitycannot (e.g. total randomness) and conversely (a probabilitydistribution cannot express ignorance), it can be advocatedthat the possibilistic representation of ignorance is weakerthan the probabilistic representation, in the sense that thefirst is additive and the other relies on an ordinal structureinduced by the consonance assumption. It does not meanthat strict probabilistic representations subsumepossibilistic representations, since possibilisticrepresentations can capture weaker states of information thatprobability distributions cannot. This view is alsosupported by the mathematical fact that possibilitymeasures coincide with a special class of upper bounds ofprobabilities. Hence a possibility distribution represents aset of probability measures, i.e. a weaker knowledge thanthe one of a single probability measure. Klir and Parviz [46]suggest that a probability distribution can be viewed as thelower bound of a family of possibility distributions as well;but it does not prove that a probability measure can alwaysbe interpreted as a lower possibility measure, i.e. that "P,"A, we have P(A) = inf{�(A), � ˛ F(P)} where F(P) =

{� | �(A) ‡ P(A), "A} and indeed F often possesses aleast element, that is a possibility measure itself.If we accept that possibility distributions are weakerrepresentations of uncertainty than probability distributions,the transformation problem must be stated otherwise.Namely going from possibility to probability leads toincrease the informational content of the consideredrepresentation, while going the other way around means aloss of information. Hence the principles behind the twotransformations are different and we obtained asymmetrictransformations (Dubois et al. [26]) :¥From possibility to probability : a generalized Laplaceanindifference principle is adopted : the weights mi bearingon the nested family of levels cuts of p are uniformlydistributed on the elements of these level-cuts. Thistransformation, already proposed by Dubois and Prade [15]consists in selecting the gravity center of the set P ={P | "A, P(A) £ �(A)} of probability distributionsdominated by �. This transformation also coincides withthe so-called pignistic transformation of belief functions(Smets [70]). The rationale behind this transformation isto minimize arbitrariness by preserving the symmetryproperties of the representation.¥From probability to possibility : in this case the rationaleis to preserve as much information as possible ; hence weselect as the result of the transformation of P, the mostspecific element of the set F(P) of possibility measuresdominating P. See Dubois and Prade [15], and Delgadoand Moral [12] for two different characterizations of thistransformation.If we let p(ui) = pi and p(ui) = pi and assume p1 = 1 ‡� ‡pn ‡ pn+1 = 0 and p1 ‡� ‡ pn ‡ pn+1 = 0 the twotransformations take the following formpi = �j=i,n pj — pj+1jpi = �j=i,n pj.As expected they are not the converse of each other.An interesting question pertaining to possibility-probability transformations is their consistency with respectto second order properties such as marginalization,conditionalisation, independence and the like. Sudkamp [73]recently proved general negative results along this lineregarding exact coherence. For instance the projection of atransform is generally different from the transform of theprojection. Also, the transform of a product measure isgenerally not the joint possibility of the transforms of themarginal probabilities. These results should not besurprizing because the probability-possibilitytransformations cannot be structural homomorphisms due tothe strikingly different properties of the basic operations ineach calculus. It some consistency is to be looked for itmust be a weak form of consistency like the following :Proposition : If P ˛ P(�) then Proj1(P) ˛ P(Proj1(�))where P and � are defined on U1 · U2, and Proj1 is themarginalization operator on U1.The reason why this property holds is that themarginalization process in belief function theory subsumesthose of possibility and probability theory (Shafer [67]). Inthe case of conditionalization and independence the problemis more tricky. First, probabilistic independence is astronger property than possibilistic non-interaction ;moreover the probabilistic approach to combiningpossibility distributions leads to the loss of consonance.Hence only consonant approximations of the resultingcombination make sense. In the case of conditionalization,several kinds of conditional possibilities exists : one isbased on purely ordinal arguments as in equation (19).Hence there is no way of finding consistency withprobabilistic arguments. Another conditioning is based onDempster’s rule of conditioning. However the implicationP ˛ P(�) � "B, P(Æ | B) ˛ P(�(Æ | B)) will not holdbecause P (�(Æ | B)) is generally strictly included in{P(Æ | B) | P ˛ P(�)}. Dempster’s rule of conditioning doesnot agree with the upper and lower probability view ofbelief functions, e.g. Kyburg [50]. The above consistencyresult with respect to conditionalization will hold if we usethe focusing conditional (Dubois and Prade [25]) :"B, �(A | B) =

�(A ˙ B)�(A ˙ B) + N(�A ˙ B) = sup{P(Æ | B) | P ˛ P(�)}which is a possibility measure with possibility distributionp(u | B) = max p(u), p(u)p(u) + N(B).This view of conditioning is in accordance with De Camposet al. [11] and Fagin and Halpern [29] for fuzzy measuresand belief functions respectively. Clearly much workremains to be done in order to get sufficient insight on therobustness and consistency of possibility-probabilitytransformations with respect to second order properties.CONCLUSIONThis survey was meant to point out that a fuzzy set isnot a one-sided object, and that investigations of therelationships between fuzzy set, possibility and probabilitymay be fruitful in the sense that they shed new light on oldpractice. For instance fuzzy set-theoretic operations can bejustified from several probabilistic points of view accordingto whether the membership function is viewed as an upperprobability, the one-point coverage of a random set, or alikelihood function. Conversely the possibilistic nature oflikelihood seems to be in accordance with the waystatisticians have used them, it leads to use fuzzy set theoryas a basis for deriving likelihood functions, and fuzzy eventscan be considered as relevant evidence in statistics. There arealready several domains of application where fuzzy sets andprobability are conjointly used. A typical example is fuzzyrandom variables (e.g. Kruse and Meyer [49], Negoita andRalescu [55]) that can handle opinion polls where peoplecan give fuzzy (linguistic) answers. Statistics with fuzzyevents has received extensive treatment in the past (fromOkuda et al. [57]) to Gil [36], and Viertl and Hule [76].Lastly fuzzy sets can model linguistic probabilities asverified experimentally (Wallsten et al. [77]). Linguistic probabilities can be handled in inference processes, as doneby Zadeh [84], Dubois and Prade 20[], Jain and Agogino[43], or in decision analysis as done by Watson et al. [79],and Nau [54] for instance. These examples should convinceus that instead of considering probability and fuzzy sets asconflicting rivals, it sounds more promising to buildbridges and take advantage of the enlarged framework formodeling uncertainty and vagueness they conjointly bringus to.REFERENCES[1]J. Acz�l, Lectures on Functional Equations and TheirApplications. Academic Press, New York, 1966.[2]V. Barnett, Comparative Statistical Inference. Wiley,New York, 1973.[3]R.E. Bellman, and M. Giertz, "On the analytic formalismof the theory of fuzzy sets," Information Sciences,Vol. 5, pp. 149-157, 1973.[4]S. Benferhat, D. Dubois, and H. Prade, "Representingdefault rules in possibilistic logic," Proc. of the 3rdInter. Conf. on Principles of Knowledge Representationand Reasoning (KR’92), Cambridge, Mass., Oct. 26-29,1992, pp. 673-684[5]B.M. Bennett, D.D. Hoffman, and P. Murthy, "Lebesgueorder on probabilities and some applications toperception," J. of Mathematical Psychology, 1992, toappear.[6]D.I. Blockley, "Fuzziness and probability : a discussionof Gaines’ axioms," Civ. Engng Syst., Vol. 2,pp. 195-200, 1985.[7]P. Cheeseman, "Probabilistic versus fuzzy reasoning,"in Uncertainty in Artificial Intelligence 1, L. Kanal, andJ. Lemmer, Eds., North-Holland, Amsterdam, 1988,pp. 85-102.[8]G. Choquet, "Theory of capacities," Ann. Inst. Fourier(Grenoble), Vol. 5, No. 4, pp. 131-295, 1953.[9]R. Cooke, Experts in Uncertainty. Oxford UniversityPress, Oxford, 1990.[10]R.T. Cox, "Probability, frequency and reasonableexpectation," American J. of Physics, Vol. 14,pp. 1-13, 1946.[11]L.M. De Campos, M.T. Lamata, and S. Moral, "Theconcept of conditional fuzzy measure," Int. J. ofIntelligent Systems, Vol. 5, pp. 237-246, 1990.[12]M. Delgado, and S. Moral, "On the concept ofpossibility-probability consistency," Fuzzy Sets andSystems, Vol. 21, No. 3, pp. 311-318, 1987.[13]D. Dubois, "Belief structures, possibility theory anddecomposable confidence measures on finite sets,"Computers and Artificial Intelligence (Bratislava), Vol.5, No. 5, pp. 403-416, 1986.[14]D. Dubois, S. Moral, and H. Prade, "A semantic forpossibility theory based on likelihoods," to appear.[15]D. Dubois, and H. Prade, "On several representations ofan uncertain body of evidence," in Fuzzy Informationand Decision Processes, M.M. Gupta, and E. Sanchez,Eds., North-Holland, Amsterdam, 1982, pp. 167-181.[16]D. Dubois, and H. Prade, "A class of fuzzy measuresbased on triangular norms," Int. J. of General Systems,Vol. 8, pp. 43-61, 1982.[17]D. Dubois, and H. Prade, "A unifying view ofcomparison indices in a fuzzy set-theoretic framework,"in Fuzzy Sets and Possibility Theory � RecentDevelopments, R.R. Yager, Ed., Pergamon Press, 1982,pp. 1-13.[18]D. Dubois, and H. Prade, Possibility Theory. PlenumPress, New York, 1988.[19]D. Dubois, and H. Prade "Modelling uncertainty andinductive inference," Acta Psychologica, Vol. 68,pp. 53-78, 1988.[20]D. Dubois, and H. Prade, "On fuzzy syllogisms,"Computational Intelligence, Vol. 4, pp. 171-179, 1988.[21]D. Dubois, and H. Prade "Fuzzy sets, probability andmeasurement," Europ. J. of Operations Research,Vol. 40, pp. 135-154, 1989.[22]D. Dubois, and H. Prade "Modelling uncertain and vagueknowledge in possibility and evidence theories," inUncertainty in Artificial Intelligence 4, R. Shachter, etal., Eds., North-Holland, Amsterdam, 1990,pp. 303-318.[23]D. Dubois, and H. Prade, "Epistemic entrenchment andpossibilistic logic," Artificial Intelligence, Vol. 50,pp. 223-239, 1991[24]D. Dubois, and H. Prade, "When upper probabilities arepossibility measures," Fuzzy Sets and Systems, Vol. 49,pp. 65-74, 1992.[25]D. Dubois, and H. Prade, "Focusing and updating : twoconcepts of conditioning in the setting of non-additiveuncertainty models," (Extended Abstracts) Proc. of the6th Inter. Conf. on the Foundations and Applications ofUtility, Risk and Decision Theory (FUR VI), Cachan,France, June 15-18, 1992, 3 pages.[26]D. Dubois, H. Prade, and S. Sandri, "On possibility/probability transformations," Proc. of the 4th Inter.Fuzzy Systems Association (IFSA’91) Congress,Brussels, 1991, Vol. : Mathematics, pp. 50-53.Extended version to appear in : Fuzzy Logic : State of theArt, R. Lowen, Ed., Kluwer Academic Publ., 1992, toappear.[27]D. Dubois, H. Prade, and R.R. Yager (Eds.) Readings inFuzzy Sets and Intelligent Systems. Morgan Kaufmann,San Mateo, CA, 1993.[28]R. Duda, J. Gaschig, and P. Hart, "Model design in theprospector consultant system for mineral exploration,"pp. 153-167.[29]R. Fagin, and J.Y. Halpern, "A new approach to updatingbeliefs," Research Report RJ 7222, IBM, ResearchDivision, San Jose, CA, 1989.[30]L. Fari�as del Cerro, and E. Orlowska, "DAL � A logicfor data analysis," Theoretical Computer Science,Vol. 36, pp. 251-264, 1985.[31]T.L. Fine, Theories of Probability. Academic Press, NewYork, 1973.[32]P.C. Fishburn, "The axioms of subjective probability,"Statistical Science, Vol. 1, pp. 335-358, 1986.[33]R. Fortet, and M. Kambouzia, "Ensembles al�atoires etensembles flous," Publications Econom�triques,Vol. IX, No. 1, pp. 1-23, 1976.[34]B.R. Gaines, "Fuzzy and probability uncertaintylogics," Information and Control, Vol. 38,pp. 154-169, 1978.[35]P. G�rdenfors, Knowledge in Flux � Modeling theDynamics of Epistemic States. The MIT Press,Cambridge, MA, 1988.[36]M.A. Gil, "On the loss of information due to fuzziness inexperimental observations," Ann. Inst. Statist. Math.,Vol. 4, No. 4, pp. 627-639, 1988.[37]R.C. Godal, and T.J. Goodman, "Fuzzy sets and Borel,"IEEE Trans. on Systems, Man and Cybernetics, Vol. 10,No. 10, p. 637, 1980.[38]I.R. Goodman, "Fuzzy sets as equivalence classes ofrandom sets," in Fuzzy Sets and Possibility Theory, R.

Yager, Ed., Pergamon Press, Oxford, 1982,pp. 327-342.[39]H.M. Hersh, and A. Caramazza, "A fuzzy set approach tomodifiers and vagueness in natural language," J. of Exp.Psycho., General, Vol. 105, pp. 254-276, 1976.[40]E. Hisdal, "Naturalized logic and chain sets,"Information Sciences, Vol. 57-58, pp. 31-77, 1991.[41]U. H�hle, "MaBe auf unscharfen Mengen," Zeitschrift f�rWahrscheinlichkeitstheorie and verwandte Gebiete,Vol. 36, pp. 179-188, 1976.[42]E.J. Horvitz, D.E. Heckerman, and C.P. Langlotz, "Aframework for comparing alternative formalisms forplausible reasoning," Proc. of the 5th National Conf. onArtificial Intelligence (AAAI’86), Philadelphia, PA,Aug. 11-15, 1986, Vol. 1 : Science, pp. 210-214.[43]P. Jain, and A.M. Agogino, "Stochastic sensitivityanalysis using fuzzy influence diagrams," in Uncertaintyin Artificial Intelligence 4, R.D. Shachter, T.S. Levitt,L.N. Kanal, and J.F. Lemmer, Eds., North-Holland,Amsterdam, pp. 79-92, 1990.[44]J. Kamp� de F�riet, "Interpretation of membershipfunctions of fuzzy sets in terms of plausibility andbelief," in Fuzzy Information and Decision Processes,M.M. Gupta, and E. Sanchez, Eds., North-Holland,Amsterdam, 1982, pp. 93-98.[45]G.J. Klir, "A principle of uncertainty and informationinvariance," Int. J. of General Systems, Vol. 17,No. 2-3, pp. 249-275, 1990.[46]G.J. Klir, and B. Parviz, "Probability-possibilitytransformations : a comparison," Int. J. of GeneralSystems, Vol. 21, pp. 291-310, 1992.[47]B. Kosko, "Fuzziness vs. probability," Int. J. of GeneralSystems, Vol. 17, pp. 211-240, 1990.[48]B.Y. Kovalerchuk, and D.I. Shapiro, "On the relation ofthe probability theory and the fuzzy setz theoryfoundations," Computers and Artificial Intelligence,Vol. 7, No. 5, pp. 385-396, 1988.[49]R. Kruse, and K.D. Meyer, Statistics with Vague Data.D. Reidel, Dordrecht, 1987.[50]H.E. Kyburg, Jr., "Bayesian and non-Bayesianevidential updating," Artificial Intelligence, Vol. 31,pp. 271-293, 1987.[51]D. Lewis, Counterfactuals. Basil Blackwell, Oxford,1973. 2nd edition, Billing and Sons Ltd., Worcester,UK, 1986.[52]V.I. Loginov, "Probability treatment of Zadehmembership functions and their use in patternrecognition," Eng. Cyber., pp. 68-69, 1966.[53]B. Natvig, "Possibility versus probability," Fuzzy Setsand Systems, Vol. 10, pp. 31-36, 1983.[54]R.F. Nau, "Decision analysis with indeterminate orincoherent probabilities," Annals of OperationsResearch � Vol : Choice Under Uncertainty,P.C. Fishburn, and I.H. LaValle, Eds., 1992, to appear.[55]C.V. Negoita, and D. Ralescu, Simulation, Knowledge-Based Computing, and Fuzzy Statistics. Van NostrandReinhold Comp., New York, 1987.[56]H.T. Nguyen, "On conditional possibilitydistributions," Fuzzy Sets and Systems, Vol. 2, No. 1,pp. 53-66, 1979.[57]T. Okuda, H. Tanaka, and K. Asai, "A formulation offuzzy decision problems with fuzzy information, usingprobability measures of fuzzy events," Information andControl, Vol. 38, pp. 135-147, 1978.[58]A.I. Orlov, "Fuzzy and random sets," in Prikladno�Mnogomiernii Statisticheskii Analyz, Nauka, Moscow,1978, pp. 262-280 (in Russian).[59]Z. Pawlak, Rough sets � Theoretical Aspects ofReasoning about Data. Kluwer Academic Publ.,Dordrecht, 1991.[60]J. Pearl, Probabilistic Reasoning Intelligent Systems :Networks of Plausible Inference. Morgan Kaufmann, SanMateo, CA, 1988.[61]J. Pearl, "Integrating probability and logic," inReadings in Uncertain Reasoning, G. Shafer, andJ. Pearl, Eds., Morgan Kaufmann, San Mateo, CA, 1990,pp. 677-679.[62]M.L. Puri, and D. Ralescu, "A possibility measure is nota fuzzy measure," Fuzzy Sets and Systems, Vol. 7,pp. 311-313, 1982.[63]E.H. Ruspini, "Approximate reasoning : past, present,future," Information Sciences, Vol. 57-58, pp. 297-317,1991.[64]T. Sales, "Fuzzy sets as set classes," Stochastica, Vol. 6,pp. 249-264, 1982.[65]G.L.S. Shackle, Decision, Order and Time in HumanAffairs. Cambridge University Press, UK, 1963, (62pages).[66]G. Shafer, A Mathematical Theory of Evidence.Princeton University Press, Princeton, N.J., 1976.[67]G. Shafer, "Belief functions and possibility measures,"in Analysis of Fuzzy Information � Vol. I: Mathematicsand Logic, J.C. Bezdek, Ed., CRC Press, Boca Raton,Fl., 1987, pp. 51-84.[68]Y. Shoham, Reasoning About Change � Time andCausation from the Standpoint of Artificial Intelligence.The MIT Press, Cambridge, Mass., 1988.[69]P. Smets, "Possibilistic inference from statistical data,"Proc. of the 2nd World Conf. on Mathematics at theService of Man, Las Palmas (Canary Island), Spain, June28-July 3, 1982, pp. 611-613.[70]P. Smets, "Constructing the pignistic probabilityfunction in a context of uncertainty," in Uncertainty inArtificial Intelligence 5, M. Henrion, et al., Eds., North-Holland, Amsterdam, 1990, pp. 29-39.[71]W. Spohn, "A general non-probabilistic theory ofinductive reasoning," in Uncertainty in ArtificialIntelligence 4, R.D. Shachter, T.S. Levitt, L.N. Kanal,and J.F. Lemmer, Eds., North-Holland, Amsterdam,1990, pp. 149-158.[72]W. Stallings, "Fuzzy set theory versus Bayesianstatistics," IEEE Trans. on Systems, Man andCybernetics, pp. 216-219, 1977.[73]T. Sudkamp, "On probability-possibilitytransformations," Fuzzy Sets and Systems, Vol. 51,pp. 73-81, 1992.[74]S.F. Thomas, "A theory of semantics and possibleinference with application to decision analysis," PhDThesis, University of Toronto, Canada, 1979.[75]S.F. Thomas, "Possibilistic uncertainty and statisticalinference," ORSA/TIMS Meeting, Houston, Texas,1981.[76]R. Viertl, and H. Hule, "On Bayes’ theorems for fuzzydata," Statistical Papers, Vol. 32, pp. 115-122, 1991.[77]T.S. Wallsten, D.V. Budescu, A. Rapoport, R. Zwick,and B. Forsyth, "Measuring the vague meanings ofprobability terms," J. of Experimental Psychology :General, Vol. 115, No. 4, pp. 348-365, 1986.[78]P.Z. Wang, and E. Sanchez, "Treating a fuzzy subset as aprojectable random set," in Fuzzy Information andDecision Processes, M.M. Gupta, and E. Sanchez, Eds.,North-Holland, Amsterdam, 1982, pp. 213-220.[79]S.R. Watson, J.J. Weiss, and M. Donnell, "Fuzzydecision analysis," IEEE Trans. on Systems, Man andCybernetics, Vol. 9, No. 1, pp. 1-9, 1979.

[80]R.R. Yager, "On the completion of qualitativepossibility measures," Tech. Report #MII-1233,Machine Intelligence Institute, Iona College, NewRochelle, NY, 1992.[81]L.A. Zadeh, "Fuzzy sets," Information and Control,Vol. 8, pp. 338-353, 1965.[82]L.A. Zadeh, "Probability measures of fuzzy events," J.Math. Anal. Appl., Vol. 23, pp. 421-427, 1968.[83]L.A. Zadeh, "Fuzzy sets as a basis for a theory ofpossibility," Fuzzy Sets and Systems, Vol. 1, pp. 3-28,1978. Reprinted in Fuzzy Sets and Applications :Selected Papers by L.A. Zadeh, Yager, R.R., S.Ovchinnikov, R.M. Tong, and H.T. Nguyen, Eds, Wiley,New York, 1987, pp. 193-218.[84]L.A. Zadeh, "Syllogistic reasoning in fuzzy logic and itsapplication to usuality and reasoning withdispositions," IEEE Trans. on Systems, Man andCybernetics, Vol. 15, pp. 754-763, 1985.[85]H.J. Zimmermann, Fuzzy Sets, Decision Making, andExpert Systems. Kluwer Academic Publ., Boston, 1987.