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Abstract. We implement a Physics-Informed Neural Network (PINN)
for solving the two-dimensional Burgers equations. This type of model
can be trained with no previous knowledge of the solution; instead, it
relies on evaluating the governing equations of the system in points of the
physical domain. It is also possible to use points with a known solution
during training. In this paper, we compare PINNs trained with different
amounts of governing equation evaluation points and known solution
points Comparing models that were trained purely with known solution
points to those that have also used the governing equations, we observe
an improvement in the overall observance of the underlying physics in
the latter. We also investigate how changing the number of each type
of point affects the resulting models differently. Finally, we argue that
the addition of the governing equations during training may provide a
way to improve the overall performance of the model without relying on
additional data, which is especially important for situations where the
number of known solution points is limited.

Keywords: Physics-informed neural networks - Burgers equation

1 Introduction

The rapid development of Machine Learning (ML) models has led to significant
progress in various areas and allowed a new approach to problems involving
time-series forecasts. By training these models with large datasets, the models
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can recognize complex patterns and address the prediction of physical systems.
However, a purely data-driven approach may also not be entirely desirable, as
such models require substantial amounts of data to train, which might not always
be available, and they may lead to non-physical solutions when presented to
previously unseen scenarios [4].

Physics-Informed Machine Learning models present a compromise between
purely data-driven and purely physics-based approaches in an attempt to com-
bine their advantages and minimize their shortcomings. The literature presents
several ways of combining both models [5,9,12]. These approaches include, but
are not limited to: using ML to estimate the error in the physics-based models
[14]; using ML to increase the resolution of known flow fields [2,8]; substitut-
ing the governing equations by trained neural networks [13]; adding physical
constraints to the ML model [1,10].

In this work, we implement a Physics-Informed Neural Network (PINN) that
uses the governing equations of the physical system in its fitness evaluation. [7]
calls this approach a neural-FEM, comparing it to the Finite Elements Method
(FEM) of solving partial differential equations. In this analogy, the neural net-
work works as one large and complex finite element, which spans the whole
domain and solves the equation within its solution space, similarly to the classi-
cal FEM, in which several elements, each with a relatively simple solution space,
are spread along with the domain in a mesh.

In this paper, we will find solutions for the Burgers equation in a two-
dimensional space. Computational Fluid Dynamics researchers widely use this
equation as a toy problem intended to test novel ideas that may be used to
improve fluid dynamics solvers.

One advantage of PINN models over regular physics-based models is that the
neural network may be trained using the governing equations and a set of points
where the solution is known beforehand, comprising a hybrid solution between
physics-driven and data-driven models. This paper compares neural networks
that were trained solely by the governing equations, data points, or an array of
combinations between both scenarios.

In real-world uses of machine learning models, there are situations where a
limited amount of data is available for training. By adding physical knowledge
to the model, it might be possible to reduce the amount of data needed without
impacting its quality. Furthermore, it may aid the model in making accurate
predictions even for previously unseen situations.

The remainder of this paper is structured as follows: In Sect. 2, we present
the governing equations of our physical system and its boundary conditions and
describe the PINN implementation and training procedure. Section 3 shows the
results obtained after training was complete. Finally, Sect. 4 finishes with some
conclusions and suggestions for future works.
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2 Methods

We begin this section by describing the governing equations of the physical
system and its initial and boundary conditions. Then, we proceed to define the
neural network and the loss function that is minimized during training.

2.1 Governing Equations

The Burgers equation with two spatial dimensions is given by the system:

ou ou ou <62U 82U> (1)
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where x and y are the spatial coordinates, and U and V are the velocities in
each direction, respectively. t is the solution time, and v is the viscosity. If v is
set to zero, the solution would eventually lead to extremely high gradients, akin
to shock waves in compressible fluids, by setting a positive value to v, the right-
hand side of both equations allows some dissipation, which leads to a smoother
solution field.

The solution will be evaluated in the domain0 <t <1,0<z<1,0<y <1,
with Dirichlet boundary conditions setting both velocities to zero at the domain
boundaries. The initial condition is given by:

U(t =0,z,y) = sin(2rz) sin(271y), (3)

V(t=0,z,y) = sin(rz) sin(my). (4)

Figure 1 shows U and V' at this condition.

2.2 Physics-Informed Neural Network

The neural network in our implementation is a Multilayer Perceptron (MLP) and
receives coordinates ¢, x, and y and outputs the variables U and V' for any point
of the domain. The MLP network is fully connected and has 4 hidden layers of
20 neurons each, with a hyperbolic tangent activation function. Larger amounts
of layers and neurons were tested with little impact on the results. Residual
connections are added every two layers, which allows for better computations of
the gradients and aids the convergence during training [3]. There are two outputs:
U and f/, one for each variable in the problem. The tilde denotes that these
variables are the direct output of the MLP and may not observe the boundary
conditions of the problem.

After the MLP, there is a Boundary-encoded output layer, as described by
[11]. This layer makes sure that the Dirichlet boundary conditions are always
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0.6 v

Fig. 1. Initial condition for U and V.

observed. The layer works by combining the output of the MLP to a known
function that perfectly observes the Dirichlet boundary condition in the following
manner:

U =d(t,z,y)U + (1 — d(t, z,y)) Uy, (5)

where U, is the particular solution for the velocity in the x direction and d is
a distance function, which is continuous and differentiable and is equal to zero,
where the value of U is set by either a Dirichlet boundary condition or by the
initial condition and non-zero everywhere else. The concept behind this definition
is that the value of U is fixed to U, at the boundary and initial conditions but
remains under the control of the neural network everywhere else in the domain.
This operation is analogous to V. We have defined the following equations for d:

d=16z(1 — z)y(1 — y) tanh(at). (6)

The hyperbolic tangent function is used so that the value of d is constant
and close to one when away from the initial condition. « is set to 26.4, which
causes d to reach 0.99 at ¢ = 0.1. The constant 16 is used, so d becomes close
to 1 at the center of the domain. In case other types of boundary conditions,
such as Neumann, were present, they would have to be implemented via an
additional loss function during training, as they cannot be set by using this
method, similarly to the implementation of all boundary conditions by [9].

We have set the particular solution of this case as U and V being constant
in time and equal to the initial condition values. Therefore:

Up(t,z,y) = sin(2mzx) sin(27y). (7)

Vp(t, z,y) = sin(mz) sin(my). (8)

In summary, Fig. 2 shows the final configuration of the network.
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Fig. 2. Summary of the PINN network.

2.3 Loss Function

In this work, there are two distinct loss functions whose values are added to
obtain the overall loss. First, we will define the loss function relative to the
observance of the governing equations, and its value is defined as the sum of the
mean absolute value of the residual of each governing equation.

Therefore, given that U; and V; are the PINN’s output at coordinate (t;,z;,y;),
as given by Eq. 5 and its analogous for V', the residuals relative to the governing
equations are computed as:

oU;  oU, _ aU; 02U,  9°U;
Brii= ’EW%‘%*%—@,‘”(W T o )! ©)
and
oV; oV; oV; 0*V; 0%V,
i= |7 tUig-+Vig—— : 1
By, ‘8t+U&E+V@y y(8x2+8y2> (10)

The second type of loss is relative to the data-driven part of the training
and is given by the mean absolute distance between the predicted values and
known solution values. Naturally, this loss depends on previous knowledge of the
solution at given domain points.

The loss function of the model is given by:

1 ng 1 Ns
L= ” > (Rpai+ Rpoa) + o Y (Ui = U |+ Vi V). (11)
i=1 S i=1

where Uigt and Vigt are the ground truth values of U and V' at point i. ng is the
number of points with known solutions. The governing equations are evaluated
at ny random points uniformly distributed along with the domain. One char-
acteristic of PINNs is that there is an infinite pool of points for the loss to be
evaluated. Consequently, there is no limit for the value of ny, while n, is limited
to the set of points where the solution is known beforehand.



Augmenting a PINN by Addition of Solution Data Points 393

2.4 Implementation

Our code is written in Python and uses the PyTorch module for machine learning
tasks. The governing equations’ partial derivatives are obtained using PyTorch’s
autograd feature. The optimization is performed with the Adam algorithm. All
tests were executed on a Nvidia® GeForce™ RTX3080 graphics card, with 10
GB of available memory. The code is available on GitHub!.

2.5 Generation of Reference Data

The data-driven part of the models requires previous knowledge of the solution at
some points in the domain. Therefore, we have used numerical differentiation and
integration techniques to approximate a solution for the 2D Burgers equation.
For this, a mesh of 401 nodes in each direction was uniformly distributed in x and
y. A sixth-order compact finite differences scheme [6] was used to approximate
the spatial derivatives of the governing equations, while a fourth-order Runge-
Kutta scheme was used to integrate the solution through time, with a time step
of 10~°. For training, n, points are randomly chosen from this solution. This
model was implemented in Matlab™and will also be available on Github at the
time of publication.

3 Results

In this section, we compare the solutions obtained by models trained with an
array of values for the number of function evaluation points (ny) and the num-
ber of solution sample points (n,). We have chosen five values for each variable:
0, 100, 1000, 10000, and 100000. All combinations of values were run with the
obvious exception of ny = ng = 0. When ny = 0, no knowledge of the govern-
ing equation is used, and training is performed solely from the reference data.
Similarly, when ng; = 0, no reference data is used, and the training is purely
physics-based.

These cases will also be compared against our reference data, which was
generated by more conventional techniques, as described in Sect.2.5. For all
cases, the value to v is set to 0.01/m.

3.1 Sample Results

Figure 3 shows contours of both velocity components as modeled by a PINN
trained with 10° samples of each type. As the field evolves in time, large gradients
form in the middle of the x domain for the U component and at the end of the y
domain for the V' component. This behavior is expected for the Burgers equation
and is representative of shock waves in compressible gasses. The dissipative part,
corresponding to the right-hand side of Eqgs. 1 and 2, causes these large gradients
to dissipate as time passes, as can be seen in the images to the right-hand side

! https://github.com/C4AI/PINN for_Burgers.
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of the figure. If v were set to zero, we would be solving the inviscid Burgers
equation, which leads to larger and larger gradients, which are notoriously hard
to solve with the techniques presented in this paper.
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Fig. 3. Contours of U (top) and V' (bottom) for five equally spaced instants from ¢ = 0
to t = 1 (left to right), as modeled by a PINN trained with ny = ns = 10°.

3.2 Comparison to Reference Data

The numerical solution described in Sect. 2.5 was evaluated in a mesh of 401 by
401 equally spaced nodes, with a time step of 107°. Figure 4 shows the velocity
contours for the reference data.

The solution by the PINN and by the finite differences solver — Figs. 3 and 4,
respectively — are visually similar for most of the domain. Nonetheless, both
solutions have a clear difference near the Y = 1 boundary, especially for the V'
velocity. This variable presents large gradients in this region, physically equiv-
alent to a shock wave in a compressible gas. Interestingly, a similar region of
large gradients for U near X = 0 has reached a much better agreement between
the PINN and the reference data. Figureb overlaps contours of both cases at
t = 0.25. This result leads us to believe that there might be some influence on
the implementation of the boundary conditions; perhaps the function chosen for
d(t,z,y) in Eq.6 is too smooth near the boundaries and makes it difficult for
the MLP to model large gradients in this region. Further investigation on the
optimal choice of d(t, z,y) is needed.
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Fig. 4. Contours of U (top) and V' (bottom) for five equally spaced instants from ¢t = 0
to t =1 (left to right), as modeled by the finite differences numerical solver.
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Fig. 5. Contours of U (left) and V (right) at ¢ = 0.25 for the reference data, in blue,
and for the PINN with ny = ns = 10000, in red. (Color figure online)

3.3 Governing Equations Residuals

The PINN was trained for all combinations of ny and n, in the range 0, 100, 1000,
10000 and 100000, with the natural exception of ny = ng = 0. After training,
the governing equation residuals were measured on a uniformly spaced grid of
points across the domain in its three dimensions, one temporal and two spatial.
Figure 6 shows the root mean square of the residuals for each combination. It
is possible to reduce the residual and thus improve the model by increasing
either ny or n,. One significant result we can observe in this figure is when we
increase ny from 0 to 100 at the lower values of n,, such as 100 and 1000. This
result illustrates that adding physical knowledge (ny > 0) to cases where few
data points are known may be a key to increasing the overall model’s accuracy
without additional data.

For further understanding the effect of adding physical knowledge to a data-
based approach, we have plotted the value of U along the x axis (with y = 0.25
and ¢t = 0.5) for various values of ny, and ny fixed at 1000. This plot can be seen
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Fig. 6. Root mean square of the governing equations’ residuals for different combina-
tions of function evaluation points (ns) and solution sample points (7).

on the left-hand side of Fig. 7. Interestingly, the case with no physical knowledge
(ny = 0) follows the reference data more closely than some cases with physical
knowledge, despite the higher residual. Nonetheless, the higher residual can be
easily explained by noting that the values of U for the ny = 0 case are not as
smooth as those with ny > 0. Therefore, despite coming close to the absolute
value of the reference data, the derivatives are considerably off, which directly
influences the residuals of the governing equations. For ny = 100, the curve
is much smoother than for the ny = 0 case, and, despite being considerably
further from the reference data in absolute values, the residuals are lower. For
ny = 1000 or higher, the curves are much closer to the reference data both in
terms of absolute values and in terms of its derivative. The right-hand side of
Fig. 7 shows a similar plot, but of V' with respect to y at x = 0.25 and ¢ = 0.5.
This time, only the n;y = 100000 case can approach the reference data in terms
of absolute values, but the overall conclusion remains.

For completeness, a similar behaviour can be seen when the same plots are
made for both ny = 0 and varying n; and for ny = 0 and varying n,, shown
in Figs.8 and 9, respectively. For the cases with no sample data (ns = 0),
as the number of function evaluation points increases, the values of U and V'
move away from null values and approximate the reference solution. On the
other hand, when the model has no physical reference (n;y = 0), the predictions
quickly approximate the reference data, even for low values of ng; however, only
models trained with larger values of ny can reach a smooth prediction, which
more closely observes the governing equations.
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Fig. 7. (Left) Plot of U with respect to x at y = 0.25 and ¢ = 0.5 for ns = 1000 and
various values of ny. (Right) Plot of V' with respect to y at x = 0.25 and t = 0.5 for
ns = 1000 and various values of ny.
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Fig. 8. (Left) Plot of U with respect to = at y = 0.25 and ¢t = 0.5 for n;, = 0 and
various values of ny. (Right) Plot of V' with respect to y at * = 0.25 and ¢ = 0.5 for
ns = 0 and various values of ny.

The errors of each model concerning the reference data were estimated by
computing the model at a grid of uniformly spaced points and comparing it to
the reference. Figure 10 summarizes the root mean square of the errors of each
case. It is possible to note that the physics-less case often produces lower errors
when compared to the physics-informed model, especially at the larger values
of ng. Nonetheless, by further increasing ny, the errors decrease considerably.
This phenomenon can be explained by looking back at Fig.7, where we have
argued that, despite reaching values that are closer to the reference data in an



398 M. S. Mathias et al.

Reference
n_=100

S
n_=1000

S
n =10000
n =100000

08 127
06 l
04}
0.8
02}
0.6
D 0 >
0.4
0.2}
0.2
0.4
0.6 0
0.8 : : : : ; 0.2 :
0 02 04 06 08 1 0 02 04

X

Fig.9. (Left) Plot of U with respect to « at y = 0.25 and ¢

various values of ns. (Right) Plot of V' with respect to
ny = 0 and various values of n.

100

= 0.5 for ny

= 0 and

y at x = 0.25 and t = 0.5 for

0.3282 0.2882 0.2156
0.1568

=
<8 0.1077

-

8
] 0.0910

o

-

o

3
8 0.0880

o

-

0 100 1000 10000
ng

100000

0.40

0.35

0.30

0.25

0.20

0.15

0.10

0.05

0.00

Fig. 10. Root mean square of the error for different combinations of function evaluation

points (ny) and solution sample points (ns).

absolute sense, the solution produced by the physics-less model is not smooth,

which incurs a larger non-observance of the governing equations.



Augmenting a PINN by Addition of Solution Data Points 399

o 2.66 24.94 2471.19
0.19 2.77 25.05 2471.30
1.14 3.70 25.99 2472.24

200

150
10.62 13.05 35.33 2481.58

100

105.37 106.43 128.71 2574.69 50

450

400

350

100

300

250

Ns
1000

10000

100000

0 100 1000 10000 100000
ne

Fig. 11. Maximum allocated GPU memory, in megabytes, for different combinations
of function evaluation points (ns) and solution sample points (7).

3.4 Computational Cost

Each case’s memory footprint was measured using PyTorch’s native method
cuda.max_memory_allocated, which returns the largest amount of GPU mem-
ory allocated during execution. Naturally, increasing either ny or n, has caused
more memory to be allocated. Both values presented a roughly linear relation to
the allocation size. Nonetheless, the number of function evaluations had a much
larger impact than the number of sample points. This result is caused by the
much larger complexity in computing the residuals of the governing equations
as opposed to simply comparing the model’s output to the reference data. The
case with ny = 0 and n, = 100000 has allocated just over 100 MB of memory,
while the ny = 100000 and n, = 0 has needed over 2.5 GB. Figure 11 shows the
values for each combination of n; and

4 Discussion

In this paper, we implemented a Physics-Informed Neural Network to solve the
2D Burgers equation. During training, this model can use both function eval-
uation points, where the residual of the governing equations is sought to be
minimized, and solution sample points, where the solution’s value is known and
training seeks to minimize the difference between the model’s output and the
reference data. The network was trained with different amounts of function eval-
uation points (ns) and solution sample points (n), and the resulting models were
compared.
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By looking at the residual of the governing equations, we improved the models
by increasing either n; or ns. Nonetheless, we have observed that this improve-
ment happens in different manners for each variable. Increasing ng causes the
model to approximate the reference values quickly. However, only larger sample
sizes can reach smooth curves, which more closely follow the governing equations.
On the other hand, by setting ns to zero and relying only on function evaluation
points, the solution obtained is usually smooth, but it can only approach the
actual solution for larger batch sizes (ny > 10000 in our case).

These results can be beneficial for scenarios where the availability of reference
data is limited. Adding function evaluation points allows one to improve the
model without requiring additional data. Nonetheless, care must be taken so
that enough function evaluation points are used. Otherwise, training may lead
to solutions that do not follow the reference data, despite having lower residuals
in the governing equations.

For future works, we suggest investigating how the balance between the
physics-based loss and the data-based loss influences the resulting model. Per-
haps different loss functions would be able to take advantage of the lowered
governing equation residuals offered by adding function evaluation points with-
out the downside of causing the model to drift away from the reference data, as
we have observed at low values of ny.
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