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Abstract. Limited memory influence diagrams are graph-based models
that describe decision problems with limited information, as in the case
of teams and agents with imperfect recall. Solving a (limited memory)
influence diagram is an NP-hard problem, often approached through lo-
cal search. In this paper we investigate algorithms for k-neighborhood
local search. We show that finding a k-neighbor that improves on the
current solution is W[1]-hard and hence unlikely to be polynomial-time
tractable. We then develop fast schema to perform approximate k-local
search; experiments show that our methods improve on current local
search algorithms both with respect to time and to accuracy.

1 Introduction

Limited memory influence diagrams (LIMIDs) are graph-based probabilistic de-
cision making models particularly suited for teams and limited-resource agents
[4,13]. LIMIDs relax the perfect recall requirement (a.k.a. no-forgetting assump-
tion) of traditional influence diagrams [9], and by doing so, require considerably
more computational effort in the search for optimal policies.

Finding an optimal strategy for polytree-shaped LIMIDs is NP-hard even if
variables are ternary and the utility function is univariate [18], or if variables
are binary and the utility function is multivariate [16]. Similar negative results
hold for approximating the problem within any fixed constant when either vari-
able cardinality or treewidth is unbounded [18]. And even though there are
polynomial-time approximations when cardinalities and treewidth are bounded
[17], constants in such solutions are so big as to prevent practical use. Currently
the state-of-art algorithm for solving LIMIDs exactly is Multiple Policy Updat-
ing (MPU) [15], that works by verifying a dominance criterion between partial
strategies. MPU has worst-case exponential cost but often finishes in reasonable
time. There are also anytime solvers based on branch-and-bound that can trade
off accuracy for efficiency [3,2,10].

In practice, local search methods are the most widely used algorithms for
approximately solving LIMIDs. Lauritzen and Nilsson [13] developed the Single
Policy Updating (SPU) algorithm for computing locally optimum strategies in
arbitrary LIMIDs. Their algorithm remains the most referenced and probably
used algorithm for solving medium and large LIMIDs. SPU iteratively seeks

L.C. van der Gaag and A.J. Feelders (Eds.): PGM 2014, LNAI 8754, pp. 334–349, 2014.
c© Springer International Publishing Switzerland 2014



Speeding Up k-Neighborhood Local Search in LIMIDs 335

for a variable that can improve the incumbent global strategy by modifying its
associated actions. If no such variable is found the algorithm halts at a local
optimum. Detwarasiti and Shachter [4] extended SPU to allow larger moves in
the search space. Roughly speaking, their approach can be seen as a k-neighbor
local search in the space of strategies. In practice, exhaustive k-local search can
only be applied to networks with say less than n=100 decision variables and with
very small values of k (say, k=2), as every step requires exploration of O(nk)
candidates. There have also been proposals based on message-passing algorithms
to cope with high treewidth diagrams [14].

In this paper we focus on the local search that runs within the methods
in the last paragraph. First, we prove that k-local search is W[1]-hard, which
suggests that algorithms that run in time O(f(k)nα) are unlikely to exist, where
f is an arbitrary computable function and α is a constant independent of k
(Section 3). We take such a result as an indication that approximating local-
search is necessary for large values of k.

We thus investigate the use of MPU’s pruning to speed up SPU and related
k-local search schema (Section 4). We propose a relaxed and approximate ver-
sion of MPU’s pruning, with worst-case polynomial-time complexity (Section 5).
This approximate pruning method is used in each k-local search, leading to very
efficient versions of local search methods for LIMIDs. We prove that when k is
the number of action variables, our approximate pruning provides an additive
fully polynomial-time approximation scheme for LIMIDs of bounded treewidth
and bounded variable cardinality. Finally, we show by experiments with ran-
dom networks that our local search algorithms, both exact and approximate,
outperform existing local search methods (Section 6).

2 Limited Memory Influence Diagrams

LIMIDs are graphical representations of structured decision problems [8]. Vari-
ables in a decision problem can be partitioned into state (or chance) variables
S, which represent quantities unknown at planning stage, action (or decision)
variables A, which enumerate alternative courses of action, and value variables
V , which assess the quality of decisions for every configuration of state vari-
ables. We assume here that variables take on finitely many values. Each variable
in a decision problem represented as a LIMID is equated with a node in a di-
rected acyclic graph; in particular, value variables are equated to leaf nodes.
There is a (conditional) probability distribution P (S|PS) for every state vari-
able S ∈ S, where the notation PX denotes the parents of a variable X in the
graph. There is also a utility function U(PV ) for every value variable. The over-
all utility U is assumed to decompose additively in terms of the value variables
[22], that is, U(S,A)=

∑
V ∈V U(PV ). State variables are assumed to satisfy the

Markov condition, which states that any (state) variable is independent of its
non-descendant non-parents conditional on its parents. Consequently, the joint
distribution of state variables conditioned on a configuration A=a of the action
variables factorizes as P (S|A=a) =

∏
S∈S P (S|PS ,A=a).
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A strategy δ= {δA : A ∈ A} is a multiset of local decision rules, or policies,
one for each action variable in the problem. Each policy δA is a mapping from
the configurations of the values of the parents PA of A to values of A. We denote
by ΔA the set of all policies for variable A. A policy for an action variable with
no parents is simply an assignment of a value to that variable. We assume that
policies are encoded as tables. Hence, the size of a policy is exponential in the
number of parents of the corresponding action variable, which in real scenarios
forces us to constrain the maximum number of parents of an action node lest
the implementation of a policy be not practicable.

The perfect recall condition (a.k.a. no forgetting) assumes that all decisions
and observations are “remembered”. Graphically, it entails that if A and A′ are
two action nodes such that A is a parent of A′, then all parents of A are also
parents of A′. We assume that when perfect recall is satisfied the “remembered”
arcs are explicitly represented in the diagram.

The construction of an optimal strategy is harder for LIMIDs that do not
satisfy the perfect recall requirement, exactly due to the absence of links between
actions.

Given an action variable A and a policy δA, we let P (A|PA, δA) be the col-
lection of degenerate conditional probability distributions that assign all mass
to a= δA(PA) (or the degenerate marginal distribution P (A|δA) that places all
mass on δA in case A has no parents). With this correspondence between poli-
cies and (conditional) probability distributions, we can define a joint probability
distribution over the state and action variables for any given strategy δ as

P (S,A|δ) =
∏

S∈S
P (S|PS)

∏

A∈A
P (A|PA, δ) .

The expected utility of a strategy δ, E(U |δ), is then ∑
S,A U(S,A)P (S,A|δ).

Given a strategy δ, computing E(U |δ) can be reduced to a marginal infer-
ence in a Bayesian network [1]. Conversely, marginal inference in Bayesian net-
works, a #P -complete problem [20], can be reduced to the computation of an
expected utility by using a {0, 1}-valued utility and making the conditional prob-
abilities of the children of action nodes numerically independent of strategies.
Hence, those two problems are computationally equivalent. Marginal inference
can be performed in time exponential in the treewidth of the underlying graph by
e.g. variable elimination. This entails a polynomial-time algorithm for networks
of small treewidth (with treewidth considered constant in the complexity analy-
sis). Kwisthout et al. [12] showed that under the widely believed hypothesis that
SAT is not subexponential-time solvable, variable elimination’s performance is
optimal. Thus it seems necessary to constrain LIMIDs to bounded treewidth
diagrams if worst-case efficient computations are sought (it is possible that the
average cost of marginal inference is polynomial; we do not pursue this possibility
here).
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An important task with LIMIDs is that of finding the

Maximum Expected Utility (MEU)
Input: A LIMID and a rational k
Question: Is there a strategy δ such that E(U |δ) ≥ k?

MEU is NPPP-complete, and NP-complete for diagrams of bounded treewidth
[2]. The problem is NP-complete on LIMIDs of bounded treewidth even when
all variables are binary [16], and when all variables are ternary and there is a
single value node [18].

Provided that expected utilities can be succinctly encoded (i.e., represented
in space O(bα), where b is the size of the encoding and α is a constant), we can
compute the value of the maximum expected utility by binary search in polyno-
mial time if MEU can be solved in polynomial time. Similarly, if the in-degrees
of action nodes are bounded we can use a polynomial-time algorithm M that
solves MEU to obtain an optimal strategy in polynomial time as follows. First,
perform a binary search usingM to compute the maximum expected utility and
use that value as k. Select an action variable A and for every policy δA build a
new LIMID where A is a state node with conditional probability P (A|δA). Now
run the algorithmM on those LIMIDs: the algorithm will certainly return a yes
answer on some of them; any policy δA corresponding to an affirmative answer
is part of the optimal strategy, and we can repeat the procedure for another
action variable until no action variables remains. Conversely, assuming the same
requirements on the representation of expected utilities and strategies, MEU
can be efficiently solved by any polynomial-time algorithm that computes the
maximum expected utility. Finally, if the treewidth of the diagrams is bounded,
MEU can trivially be solved in polynomial-time by any polynomial-time algo-
rithm that finds optimal strategies. Thus, MEU is largely equivalent to selecting
an optimal strategy and computing the value of the maximum expected utility.

We make extensive use of the following result that follows immediately from
the results in [17] and [18].

Proposition 1. Given a LIMID L of treewidth w we can construct in time
polynomial in its size a LIMID L′ and a function f such that (i) L′ has a single
value variable V such that 0 ≤ U(PV ) ≤ 1, and treewidth at most w+3; (ii) the
action nodes in L′ have no parents; (iii) f maps strategies δ′ of L′ into strategies
δ of L in linear time; (iv) if δ′ is such that E(U ′|δ′) > 0 and δ = f(δ′) then
E(U |δ) ∝ E(U ′|δ′), where U and U ′ denote the utility functions of L and L′,
respectively.

A corollary of the above result is that the MEU of L′ equals the MEU of L up
to a constant, and the optimal strategy for L can be obtained from the optimal
strategy for L′. Hence we assume in the rest of the paper that LIMIDs have a
single value node taking its values in [0, 1], and that action nodes are parentless.
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3 The Complexity of k-Neighborhood Local Search

Consider a strategy δ and a set N ⊆ A. The N -neighborhood of δ is the set
of strategies δ′ that coincide with δ on the policies of variables A ∈ A \ N . A
k-neighbor of δ is any strategy in a N -neighborhood of δ with |N |= k. The k-
neighborhood of δ is the set of its k-neighbors. Arguably, the most widely used
scheme for selecting strategies is as follows.

k-Policy Updating (kPU) Take a LIMID, a strategy δ0 and a positive
integer M : for i = 1 . . .M find a strategy δi in the k-neighborhood of
δi−1; at the end, return δM .

For large enough and finite M the procedure converges to a local optimum.
In particular, if k equals the number of action variables, a global optimum is
found in one iteration. The main bottleneck of kPU is the k-local search step,
where an improving solution is searched for; this can be formalized as

k-Policy Improvement (kPI)
Input: A LIMID L and a strategy δ
Parameter: A positive integer k
Question: Is there a k-neighbor δ′ of δ such that E(U |δ′) > E(U |δ)?

The same argument used when discussing MEU can be used here to show that
the problem of finding the maximum expected utility in the k-neighborhood of a
strategy and the problem of selecting a k-neighbor with higher expected utility
(if it exists) are largely equivalent to kPI in the sense that (under the same
requirements) a polynomial-time algorithm for one problem can be used to solve
another.

For a LIMID whose action variables are parentless, kPI can be solved by
exhaustive search in the k-neighborhood in time O(nkck), where n = |A| is
the number of action variables and c is the maximum cardinality of an action
variable. Such an approach is prohibitive for large values of n or c and moderate
values of k. It is thus interesting to look for faster methods for searching the
k-neighborhood of a strategy. In particular, we should ask whether there is an
algorithm that runs in time O(f(k)bα), where f is an arbitrary computable
function, b is the size of the LIMID (encoded as a bitstring), and α is a constant
independent of k. In other words, we are interested in knowing whether it is
possible to scale up k-local search to diagrams with hundreds of variables if k is
kept small. We now show that finding such an algorithm implies that FPT=W[1],
and is therefore unlikely. To this aim, we need to introduce some background in
the rich field of parameterized complexity.

Parameterized complexity investigates the runtime behavior of inputs (x, k)
that can be decomposed into two parts, its main part x and a parameter k.
Many interesting NP-hard problems are polynomial-time solvable for fixed val-
ues of the parameters, that is, when the parameter is not taken to be part of
the input. There are essentially two kinds of polynomial running time for fixed
parameters. A (decision) problem is said to be fixed-parameter tractable if there
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is an algorithm that solves any parameterized instance (x, k) of the problem in
time O(f(k)bα), where f is an arbitrary computable function, b is the size of the
input and α is a constant that does not depend on k [5]. The class of all fixed-
parameter tractable decision problems is denoted FPT. Note that NP-complete
problems can be either fixed-parameter tractable or intractable.

Similar to the polynomial hierarchy in the NP-completeness framework, the
family W[t] defines a hierarchy of nested and increasingly more complex pa-
rameterized problems for t = 1, 2, . . . ,. Roughly speaking, W[t] is the class of
parameterized problems that can compute Boolean circuits of depth at most
t. We have that FPT ⊆ W[1] ⊆ W[2] ⊆ · · · . It is unknown whether any of
these inclusions is proper, but there are good reasons to believe that at least the
first inclusion (i.e., FPT ⊆ W[1]) is proper [6]: if FPT=W[1] then NP-complete
problems can be solved in subexponential time [7].

Instead of polynomial-time reductions, which one uses to show NP-hardness
of non-parameterized problems, fixed-parameter intractability is usually shown
by many-one parameterized reductions to W[t]-hard problems. A many-one pa-
rameterized reduction from a problem A to problem B takes an instance (x, k)
of A and produces an instance (x′, g(k)) of B in time O(f(k)bα), where g and f
are arbitrary computable functions, b is the length of x and α is a constant.

The next result shows that if a fixed-parameter tractable algorithm that per-
forms k-local search on the space of strategies existed we would prove k-FLIP
MAX SAT to be fixed-parameter tractable.

Theorem 1. Unless W[1]=FPT, there is no algorithm that solves k-POLICY
IMPROVEMENT in time O(f(k)bα), where b is the size of bitstring encoding of
the LIMID, f is an arbitrary computable function and α is a constant indepen-
dent of k, even for polytree-shaped LIMIDs of bounded treewidth.

Proof. We use a parameterized reduction from k-FLIP MAX SAT to prove the
result; that is, we consider the following variant of MAX SAT:

k-Flip Max Sat
Input: A CNF formula F and a truth-value assignment τ0
Parameter: A positive integer k
Question: Is there a k-flip of τ0 satisfying more clauses of F?

A k-flip of an assignment τ is another assignment that differs from τ in the val-
ues assigned to at most k variables. Szeider [21] showed that the above problem
is W[1]-hard.

Consider formula F , truth assignment τ and parameter k, and let X1, . . . , Xn

be the variables in F , and C1, . . . , Cm be its clauses. We build a corresponding
LIMID with graph structure as in Figure 1 and numerical parameters speci-
fied as follows (this construction is similar to the construction used by [19] to
show NP-hardness of MAP inference in polytree-shaped Bayesian networks). The
variables S1, . . . , Sn take values in {0, 1, . . . ,m}. The variable S0 takes values in
{1, . . . ,m}, and the action variables are binary and take on values 0 and 1. The
conditional probabilities of the chance variables are specified as follows:
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Fig. 1. LIMID used to prove Theorem 1

P (Si=1|Si−1, Di) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1 if Si=Si−1=0,

1 if Si=0 and Si−1=k ≥ 1 and Di satisfies Ck,

1 if Si = Si−1 = k ≥ 1 and Di does not satisfy Ck,

0 otherwise,

and P (S0 = s0) = 1/m for all s0. The utility is defined as U(Sn = 0) = 1 and
U(Sn = sn) = 0 for all sn �= 0. The variable S0 serves as a clause selector:
S0 = i denotes that clause i is being selected. Variable Si, i = 1, . . . , n, indicates
whether the clause selected by S0 is satisfied by some of D1, . . . , Di. We then
have that E(U |δ) = #SAT(δ)/m, where #SAT is the number of clauses satisfied
by a truth-value assignment corresponding to δ. Consider an arbitrary strategy δ
corresponding to the truth-value assignment τ . A k-neighbor of δ is a strategy δ′

differing from δ in at most k coordinates. Hence, there is a truth-value assignment
satisfying more clauses in F than τ if and only there is k-policy improvement of
δ, and the result is proved. �	

4 Improving k-Policy Updating: DkPU

The result in the previous section indicates that local search becomes difficult
once we try to refine search by increasing its width (through k). Thus we must
focus on approximate ways that allows us to climb up to reasonably large k (say,
10) for large values of n.

Assuming (w.l.o.g.) that a LIMID has parentless action variables of cardinality
c, a brute-force approach to k-local search can be accomplished by examining
the nk subsets N ⊆ A of cardinality k, and for each N examining all the ck

joint configurations of variables N . Hence, there are two sources of inefficiency
in this approach: finding N and selecting an N -neighbor. We tackle the first
problem by randomly sampling sets N , which guarantees uniform coverage. The
search for N -neighbors is more intricate. In this section we develop a fast proce-
dure for selecting the optimal N -neighbor of an incumbent strategy for a fixed
N (an optimal neighbor is one that maximizes the expected utility among all
neighbors).

4.1 Dominance Pruning

We start with some basic concepts; first, the notion of a potential.
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Definition 1. A potential φ with scope X is a nonnegative real-valued mapping
of configurations x of X .

We assume the usual algebra of potentials: the product φ · ψ of potentials φ
and ψ returns a potential γ on z ∼ Z = X ∪ Y such that γ(z) = φ(x) · ψ(y),
where x and y are the projections of z onto X and Y, respectively. The Y-
marginal

∑
X\Y φ of a potential φ with scope X , where Y ⊆ X , is the potential

ψ with scope Y such that ψ(y) =
∑{φ(x) : x ∼ y}. The system of potentials

with product and marginalization forms a valuation algebra [11]. This entails
that a marginal

∑
X
∏
ψ∈Γ ψ can be computed by variable elimination: for each

variable X ∈ X in some ordering, remove from Γ all potentials whose scope
contain X , compute the marginal of those products which sums over X and add
the result to Γ .

Since by definition the probability and utility functions in a LIMID are po-
tentials, the expected utility of a given strategy can be computed by variable
elimination. The potentials produced during variable elimination satisfy the fol-
lowing property, which we use later on:

Proposition 2. Consider a LIMID with a single value variable V and a strategy
δ, and let Γ = {P (S|PS), P (A|δA), U(PV ) : S ∈ S, A ∈ A}. If 0 ≤ U(PV ) ≤ 1,
then every potential φ generated during variable elimination satisfies 0 ≤ φ ≤ 1.

Proof. Consider the step in variable elimination where all potentials contain-
ing a variable X are collected, and let Y be all variables Y < X . Let also
FY be the set of Y and its children. By design, the only potentials in the ini-
tial Γ whose scope include a variable Y are P (Y |PY ) (or U(PY ) if Y = V )
and P (Z|PZ) for Z ∈ FY . By the properties of a valuation algebra, it fol-
lows that ψX =

∑
X P (X |PX)

∑
Y
∏
Z∈FY :Z �=X,Y Y P (Z|PZ), where P (Z|PZ) is

U(PZ) if Z=V . The right-hand side of the equality is a convex combination of∑
Y
∏
Z∈FY :Z �=X,Y ∈Y P (Z|PZ), and therefore is a function not greater or smaller

than that in every coordinate. The result follows by induction. �	
The algebra of potentials can be extended to set-valued objects, so as to obtain

maximum expected utility and hence solve MEU [15]. To do so, we define:

Definition 2. A set-potential Φ(X ) is a set of potentials φ with scope X .

Definition 3. The product of two set-potentials Φ(X ) and Ψ(Y) is the set-
potential [Φ · Ψ ](X ∪ Y) = {φ · ψ : φ ∈ Φ, ψ ∈ Ψ}.
Definition 4. The Y-marginal of a set-potential Φ(X ) with respect to a variable
set Y ⊆ X is the set-potential [

∑
X\Y Φ](Y) = {∑X\Y φ : φ ∈ Φ}.

Mauá et al. [18] proved that the algebra of set-potentials is a valuation algebra
[11], and thus marginal inference with set-potentials can also be computed by
variable elimination (with potentials and their operations replaced by their set
counterpart).
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The product of set-potentials may create exponentially larger set-potentials.
Our interest in the algebra of set-potentials is, as we show later on, to select
one single table in a set-potential produced by marginalization and product of
many set-potentials. As most of the tables produced are irrelevant, we can save
computations by pruning them from set-potentials generated during variable
elimination. One way of doing this is by defining a dominance criterion between
potentials:

Definition 5. Consider two potentials φ(X ) and ψ(X ) with the same scope.
We say that φ dominates (resp., is dominated by) ψ if φ(x) ≥ ψ(x) (resp.,
φ(x) ≤ ψ(x)) for all x.

We can define the set of non-dominated potentials:

Definition 6. The dominance-pruning of a set-potential Φ(X ) is the set-
potential nd[Φ] of non-dominated potentials in Φ.

Note that if nd is applied on a set-potential with empty scope, it produces a
single real number. Mauá et al. [18] showed that dominance-pruning satisfies

nd[Φ(X )Ψ(Y)]=nd

[

nd[Φ(X )]nd[Ψ(Y)]
]

, nd

[∑

X\Z
Φ(X )

]

= nd

[∑

X\Z
nd[Φ(X )]

]

.

Those properties guarantee the correctness of computation of non-dominated
marginals by dominance-pruned variable elimination; that is, by a version of
variable elimination in which dominance-pruning is applied after every oper-
ation (product or marginalization). If dominance-pruned variable elimination
is applied on a multi-set Γ of set potentials whose joint scopes are X , by
the properties above, we have at the end of the computation a real number
r = nd

[∑
X
∏
Ψ∈Γ Ψ

]
. Note that while direct computation of the right-hand

side of this equality above takes time exponential in the size of the set-potentials
in Γ , applying dominance-pruning after each operation can enormously decrease
the overall cost of computation.

4.2 Local Search With Dominance Pruning

The main idea here is to use dominance pruning as in the MPU algorithm, but
to run efficient k-local search with the space of strategies. Our proposal is as
follows.

Dominance-Based N -Policy Updating (DNPU). Let N be a sub-
set of the action variables, δ be an arbitrary strategy, and Γ be an
initially empty set.
1. For each state variable S add a set-potential ΦS = {P (S|PS)} to Γ ,
2. for each action variable A in N add a set-potential ΦA = {P (A|δ′A) :
δ′A ∈ ΔA} to Γ ,

3. for each action variableA not inN add a set-potential ΦA = {P (A|δA) :
δA} to Γ , where δA is the policy of A in δ.
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4. Add the set-potential ΦV = {U(PV )}, where V is the value node,
5. run dominance-pruned variable elimination and return result.

Theorem 2. DNPU outputs a strategy δ′ such that δ′A = δA for all A �∈ N and
E(U |δ′) ≥ E(U |δ).
Proof. Let Δ(δ,N ) be the set of all strategies that agree on N with δ, that is,
all N -neighbors of δ. Note that δ is an element of Δ(δ,N ). By design, we have
that ∑

X

∏

Ψ∈Γ
Ψ = {E(U |δ′) : δ′ ∈ Δ(δ,N )} .

Hence, the result follows from the properties of the algebra of set-potential with
dominance pruning. �	

If we set N = A, DNPU collapses to the MPU algorithm [15], and hence
produces exact solution of LIMIDs (of moderate size). As with MPU, the worst-
case running time of DNPU is exponential in |N |, but dominance pruning can
significantly decrease that complexity, as our experiments in Section 6 show.

We call DkPU the method that randomly samples a fixed number of sets
N and on each set run DNPU. Importantly, D1PU offers an algorithm that
produces exactly the same result as the popular SPU, but only quicker. As we
show in Section 6, the gain in speed is not dramatic for D1PU, but it is very
significant for DkPU with larger values of k. The fact that DkPU allows us to
try larger values of k in practice is valuable as it leads to superior solutions
through local search; depending on the application, even marginal gains can be
important, and as such the move from kPU to DkPU is always recommended.

Note that additional computational savings could be gained by structuring
computations in a junction tree (as in SPU), and avoiding redundant compu-
tations among different runs of DkPU (i.e., with different sets N ). We do not
study such implementation techniques in this paper.

5 Approximate Policy Updating: AkPU

Even though dominance pruning often largely reduces the size of set-potentials,
there are cases where pruning is ineffective, as the following example shows.

Example 1. Consider a LIMID with action variables D1, . . . , Dn, state variables
A,B,C and utility node V . A and B have either all action variables as parents. C
has A and B as parents and V as child. All variables are binary and take values in
{0, 1}. The CPTs are P (A=1|D1, . . . , Dn) =

∑
i 2

−iDi, P (B=1|D1, . . . , Dn) =∑
i 2

−i(1 − Di), and P (C = 1|A,B) is 1 if A = B = 1, 1/2 if A �= B, and 0 if
A=B=0. The utility is U(C) = 2n+1C. Suppose we eliminate variables in order
D1, . . . , Dn, C and produce Ψ(A,B) = {∑C U(C)P (C|A,B)P (A|d)P (B|d) : d ∈
{0, 1}n}. We have that

∑
A,B Ψ(A,B) = {2nP (A|d)+2nP (B|d) : d ∈ {0, 1}n} =

{2n−1}. Hence, there are 2n non-dominated tables in Ψ(A,B) (as two potentials
whose values add to the same constant cannot one dominate each other).
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Bucketing, which we describe next, gives us a way of bounding the growth of
tables in such case at the expense of producing approximate inferences.

Let M be an upper bound we wish to impose over the number of tables
in a set-potential during variable elimination. Consider a set-potential Φ with
dimension d. Partition the hyperrectangle [0, 1]d into a lattice of smaller M

hypercubes called buckets. Let s
def
= �M−1/d. The bucket index of an arbitrary

table φ = [φ(x1), . . . , φ(xd)] in Φ is given by [ �φ(x1)/s, . . . , �φ(xd)/s ]. Any two
points assigned to the same bucket are less than a distance of s of each other
in any coordinate. Thus, by keeping one table per non-empty bucket we are
guaranteed not to introduce a local error of more than s. We call this approach
AkPU. This solution can be improved by any greedy algorithm for clustering
under absolute-norm or Euclidean norm (e.g., k-means).

Theorem 3. Consider a LIMID of treewidth w and maximum variable cardi-
nality c, and let r be the value computed by AkPU (in fact, with or without
dominance pruning) on that LIMID, choosing M at every step in a way that

s
def
= �M−1/d is bounded from above by a constant m, where d = cw. Denoting

by n the number of (action, state, and value) variables, we have

∣
∣
∣
∣r −max

δ
E(U |δ)

∣
∣
∣
∣ ≤ 4n2 · [c+ 1]m.

Proof. Consider set-potentials Φ′ and Ψ ′ obtained by bucketing of set-potentials
Φ and Ψ , respectively. Now consider an element γ = φ · ψ in Γ = Φ · Ψ , and let
γ′ = φ′ · ψ′ ∈ Γ ′ = Φ′ · Ψ ′, where φ′ and ψ′ are in the same buckets as φ and ψ,
respectively. That is, |φ− φ′| ≤ m and |ψ−ψ′| ≤ m. Suppose that γ(x) ≥ γ′(x)
at some coordinate x. Then

γ(x)− γ′(x) ≤ φ(x)ψ(x) − [φ(x) + s][ψ(x)− s] = [φ(x) − ψ(x)] ·m−m2 ≤ 2m,

where in the last passage we assumed that φ(x) ≥ ψ(x) (otherwise γ(x)−γ′(x) ≤
0, contradicting our initial claim) and used Proposition 2 to bound expression
φ(x) − ψ(x) in one. Similarly, suppose that γ′(x) ≥ γ(x). Then

γ(x)− γ′(x) ≤ [φ(x) + s][ψ(x) + s]− φ(x)ψ(x) = [φ(x) + ψ(x)] ·m+m2 ≤ 3m,

where in the last passage we used Proposition 2 to bound expression φ(x)+ψ(x)
in two. Hence, for any γ in Γ there is γ′ in Γ ′ such that |γ(x) − γ′(x)| ≤ 3m.
Moreover, if Γ ′′ is a set-potential produced by bucketing of Γ ′ that for any γ in Γ
there is γ′′ in Γ ′′ such that |γ(x)−γ′(x)| ≤ 4m. This implies that bucketing after
every product introduces an error of at most 4m. Consider now a set-potential
Γ produced by Y -marginalization of a set-potential Φ(X ∪ {Y }), and let Φ′ be
the output of bucketing Φ. For any γ =

∑
Y φ in Γ there is γ′ =

∑
Y φ

′ in Γ ′

such that

|γ(x)− γ′(x)| = |
∑

y

φ(x, y)−
∑

y

φ′(x, y)| ≤
∑

y

|φ(x, y) − φ′(x, y)| ≤ c ·m.
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Thus, bucketing after every marginalization introduces an error of at most [c+
1]m. Variable elimination performs n− 1 products and n − 1 marginalizations.
Hence the overall error introduced by bucketing is at most [n−1]·4·[n−1]·[c+1]m,
and the result follows. �	

This result leads to a conservative estimate of the maximum number of buckets
M we should use if we want to guarantee before runtime a maximum error on the
output. The rationale in the proof above can be used to obtain an estimate of the
overall error in the output when we fix the value of M at every step of variable
elimination (adjusting it according to the dimension of the tables). We simply
need to compute the actual worst-case induced error introduced by bucketing
in a given step, accounting for the propagated errors as in the proof: products
increase the current error by four, marginalization by c. This way, the algorithm
can provide bounds on its quality at the end of the computation. When the
values of the treewidth and the maximum variable cardinality are bounded by
constants, a similar approach serves to prove the existence of an additive fully
polynomial-time approximation scheme:

Theorem 4. Given a LIMID of treewidth bounded by a constant w and whose
variables have cardinalities bounded by a constant c, and ε > 0, AkPU returns a
strategy δε such that |E(U |δε)−maxδ E(U |δ)| ≤ ε in time polynomial in the size
of the input and in 1/ε.

Proof. Let n be the number of (action, state and value) variables in a LIMID, and
M be the maximum number of tables in a set potential produced during a run of
variable elimination with dominance pruning on that LIMID. Then MPU takes
time O(cw ·M ·n), which is O(M ·n), as cw is considered constant. Since bucketing
can be computed in time polynomial in M and cw, it follows that AkPU takes
time polynomial in M . Choose M such that M ≥ [4n2(c+1)]c

w

[1/ε]c
w

= O(nα ·
1/εβ), where α and β are some integer constants. Hence, AkPU runs in time
polynomial in the size of the input (which is at least linear in the number of

variables), and in 1/ε. Let r be the result of AkPU and s
def
= �M−1/d. By

Theorem 3, it follows that |r −maxδ E(U |δ)| ≤ ε. �	
For even moderately large values of n or c the estimate M obtained by ap-

plying Theorem 3 is prohibitively high, which implies that the above theorem is
mostly of theoretical interest except for small diagrams with binary or ternary
variables. For example, for a LIMID with structure as in Figure 1, n = 100 and
c = 10, we have that m = 1/[4 ·105]. The maximum dimension of a set-potential
produced during variable elimination for that LIMID (assuming a perfect elim-
ination order) is d = 103. Hence, M ≥ sd ≥ 22560. A more realistic estimate of
the required number of tables at every step can be obtained during runtime by
computation of the actual error introduced after every bucketing operation, and
consideration of the propagated error estimates. This way, M can be adjusted
adaptively, demanding much less computational resources than in the proof of
Theorem 4, but still guaranteeing a maximum error in the output in fully poly-
nomial time.
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6 Experiments

We compared the performance of DkPU and AkPU in a large set of randomly
sampled LIMIDs with graph structure as in Fig. 1. While the choice of a fixed
structure might seem restrictive, we note that any diagram can be transformed
into a diagram like that of Fig. 1 by merging and adding variables [18]. The
algorithms were implemented in Python and ran using the Pypy interpreter.1

We performed experiments varying the cardinality c of the variables and the
number n of variables. For each configuration of c and n, we compared running
times and expected value of the best strategy found by the algorithms in a set
of 30 LIMIDs, whose conditional probability distributions were independently
sampled from a symmetric Dirichlet distribution with parameter 1/c, and whose
utilities were independently sampled from a uniform distribution in [0, 1].
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Fig. 2. Comparison between SPU and D1PU

Bucketing was performed with M = 220/c2, thus keeping the size of set-
potentials (number of tables times their dimension) below 220, as the treewidth
of the LIMIDs we generate is 2. Local search was initialized with a uniform
strategy, but while 1-local search was ran until convergence, k-local search with
k > 1 ran for 1000 iterations.

Note first that SPU is by far the most popular algorithm for LIMIDs, and any
gain in SPU’s speed is welcome. Figure 2 shows that the overhead of dominance
verification pays off in terms of speed. Gains are not dramatic, staying at about
20%, but these gains are obtained without any penalty in the quality of policies
(as both SPU and D1PU produce identical runs).

Gains in speed with respect to kPU are important because they allow one
to move up to higher values of k, hopefully searching deeper to produce higher
expected values. Indeed, experiments summarized by Figures 3 and 4 show that

1 The code and diagrams are available at http://github.com/denismaua/kpu.

http://github.com/denismaua/kpu
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Fig. 4. Average time performance

DkPU can be used up to relatively high k with gains in expected value that reach
10%; also, the move to AkPU does control computing time while still leading to
gains in expected value.

Figure 3 shows the average of the ratio between expected value obtained with
k-local search schema to expected value obtained with 1-local search. Points
higher than one indicate that the corresponding method outperforms 1-local
search on average. Dashed curves report the performance of DkPU, whereas the
solid curves report the performance of AkPU. We see that the bucketing does
not decrease performance significantly, except for the approximate MPU variant,
whose accuracy decays considerably with the increase of variable cardinality.

Figure 4 shows average running times. We also see that bucketing adds little
overhead to computation for small values of k, but that it is crucial for effective
tractability for large k. Indeed, differently than the approximate MPU (AMPU),
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the exact version of MPU was not able to finish computations in most of the
diagrams within the limit of one day when c=2. The 10-local search methods
with and without bucketing took, respectively, about 9330 and 2600 seconds on
average on diagrams with c = 25, and are not displayed in the figure for clarity.

Although D10PU and A10PU performed on average similarly in time and
accuracy, their worst-case running time differed considerably. For example, for
c= 25, the maximum runtime of D10PU (which took about 10 hour) was one
order of magnitude greater than A10PU (which took about an hour).

7 Conclusion

Limited memory influence diagrams (LIMID) offer a rich graphical language to
describe decision problems, allowing the representation of limited information
scenarios which often arises in real applications. Finding an optimal strategy
for a LIMID is an NP-hard problem, and practitioners resort to local search
algorithms. For instance, the popular SPU algorithm implements 1-neighborhood
local search.

In this paper we investigated means of speeding up local search algorithms. We
showed that k-local search isW[1]-hard, and hence unlikely to be polynomial-time
tractable. We then developed fast local search algorithms based on dominance
pruning. Even with dominance pruning, searching for a k-policy improvement for
moderately large values of k can be slow. To remedy this, we designed an approx-
imate pruning strategy that removes a strategy if there is another close enough
strategy (in terms of L1-norm). We proved that the approximate pruning leads
to a fully polynomial additive approximation algorithm in bounded-treewidth
bounded-variable cardinality LIMIDs if we set k to be the number of action
variables.

Experiments with random diagrams of bounded treewidth and varying vari-
able cardinality showed that dominance pruning speeds up computations even
for 1-neighborhood local search (i.e., SPU). Hence dominance pruning is always
useful when one wishes to resort to local search. Moreover, dominance pruning
becomes essential for k-local search with k > 5. We also empirically showed that
the quality of approximate pruning decays quickly with the increase of variable
cardinalities, being only useful for variable cardinalities up to 15 or so.
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